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ABSTRACT
As children, whispering into the ear of a friend in the presence of others allows us
to pass a secret without interception, and forms one of the simplest attempts at
secret communications we can employ. However, sending secret messages becomes
deeply nontrivial over long distances.
A solution for two parties to communicate securely is to encrypt and decrypt
a message with two identical strings of bits, one for each party. In this case, the
security of the encrypted message is provable and does not rely on assumptions
on computational power. Quantum theory provides a clear solution for the ini-
tial distribution of these identical bit strings through Quantum Key Distribution.
However, once long distances are involved, the corresponding loss involved in di-
rect transmission ruins the effectiveness of quantum key distribution by reducing
the effective rate exponentially with the distance.
To circumvent the losses involved in direct transmission, quantum repeater
architectures have been proposed. We present our contributions towards three
aspects of quantum repeater systems in this thesis. We ensure conditions for
implementing quantum repeaters with atomic ensembles, explore the option of op-
tomechanical systems for implementing quantum repeaters and verify the success
of completed quantum repeater protocols.
In the first part of this thesis, we show how we can ensure conditions for the
successful implementation of quantum repeater systems with atomic ensembles.
These quantum repeater systems are formed with 1-dimensional networks, where
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the nodes are made up of quantum memories connected by means of single pho-
tons. This requires memories that are highly efficient. Also, if quantum repeater
systems are implemented with hybrid resources, tunable photon waveforms will be
desirable. We propose a protocol to implement quantum memories with atomic
ensembles using a clear recipe to optimise the efficiency. We also demonstrate
that a cold ensemble of Rubidium-87 can act as an efficient tunable source of sin-
gle photons, along with flexibility in the produced temporal shapes.
Next, we show how we can explore alternative options for the nodes of quan-
tum repeater systems. We focus on optomechanical oscillators, and recognise that
they can also be used as quantum memories. We present a witness to certify that
this memory successfully operates in the quantum regime.
Finally, we focus on the verification of successfully implemented quantum re-
peater protocols. This verification will be essential for certifying that quantum
repeater systems operate as instructed. We use only local homodyne measure-
ments to witness the success of the network, and find that the witness is robust
to loss.
We thus present distinct contributions towards three important aspects of
quantum repeater systems. As far as a full-fledged quantum repeater system might
seem to be right now, we have faith that our work brings the field of quantum-
enabled secure communications forward.
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INTRODUCTION
With the birth [1, 2] and subsequent mathematical formulation [3, 4, 5] of quan-
tum mechanics in the early 20th century, consequent scientific advances have led
to new and unpredicted advances in our understanding of nature. This distinct
break from the then well-understood realm of classical physics has allowed us to
see quantisation, complementarity, superposition and probability amplitudes as
valuable ingredients in the description of many physical effects, including the ra-
diation of black bodies [1], the photoelectric effect [2] and the Young’s double slit
experiment with individual particles [6].
In addition to providing a detailed description of physical phenomena, quantum
theory has also provided new applications. For example, the quantum mechanical
prediction that the simple photon’s detection after a 50-50 beam-splitter being per-
fectly random has been invaluable for implementing sources of random numbers.
Companies such as ID Quantique and Quintessence have already been commer-
cialising devices for randomness generation based on such a principle. Quantum
theory has also brought about new possibilities in computing, with quantum sys-
tems being able to simulate the behaviour of other, difficult-to-implement quantum
systems, in order to study their behaviour [7]. Furthermore, quantum computers
also offer the promise of an exponential speedup in some computational tasks.
Building a quantum computer is currently the single-minded focus of some de-
partments within IBM, Google and Microsoft, and also various labs and startups
all over the world [8].
The last point has been especially worrying to many. This exponential speedup
threatens to nullify the security of communication protocols based on the difficulty
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of certain mathematical problems. A clear example is the commonly used RSA
[9] protocol, which relies on the difficulty of factorising large numbers, and forms
the guarantee for the security of internet browsers and other transactions. If any
adversaries possess a quantum computer, they could use Shor’s algorithm [10] to
efficiently find the factors of any large integer, rendering the RSA scheme insecure.
The aforementioned surge of recent efforts by both academia and industry towards
a quantum computer have resulted in successive increases of the range over which
large integers can be factored with quantum devices [11, 12, 13]. These systematic
improvements make it clear that the security of communication protocols cannot
continue to rely on computational complexity alone.
Thankfully, quantum theory offers a solution for secure communications that
does not rely on an assumed limitation of adversarial computational power. There
is a protocol in classical cryptography dating back to 1882 [14], which states that
if Alice and Bob share a secret key, all that remains for them to securely send
messages is to encrypt and decrypt their message with that key. If this secret
key is truly completely random, and not reused, then this encryption/decryption
protocol (known as One Time Pad) is completely secure. The remaining issue is
that of securely distributing the secret keys in the first place, which has to be as
long as the message to be encrypted [15]. The requirement to securely share a key
between the two parties thus presents a problem as large as that of sending the
original message in the first place. Thankfully, Quantum Key Distribution (QKD)
offers a way to avoid this issue. Let us first describe the basic principles of the
well-known BB84 protocol [16] first (see Fig 1).
Consider the scenario where Alice would like to send Bob an encryption key com-
posed of a string of random bits. She encodes each classical bit in the form of a
qubit in either the X or Z basis,
Z basis :
0→ |0〉1→ |1〉 X basis :
0→ |+〉1→ |−〉 ,
and sends the resulting qubits to Bob. Bob proceeds to randomly perform mea-
surements in the Z or X basis. They both publicly reveal the bases they had used,
and keep only the bits where they had used the same basis choices. These bits are
ideally perfectly identical, and can thus define a shared raw key. At the quantum
level, since we are using two different measurement bases, the no-cloning theorem
[17, 18] prevents Eve from always making a perfect copy of the sent bit. At the
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Figure 1: Schematic of the BB84 protocol. For each classical bit in her origi-
nal random string, Alice selects a random basis for encoding (shown in different
coloured boxes). For runs where Bob selects the same basis as Alice (marked in
coloured boxes as well), he observes the outcome corresponding to the bit that
Alice wanted to send.
classical level, the knowledge of the basis after the measurements have been done
do not help her to infer Alice’s inputs, nor the outcomes of Bob’s measurement,
since they are both completely random. Classical post-processing steps (such as
error correction and privacy amplification) can be applied if the error rate is low
enough, allowing them to refine the raw key into a useable secret key. This proto-
col can thus provide secure communications with qubits, without any assumptions
on computational power [15].
Another QKD scheme related to the above protocol is the E91 protocol [19], which
requires the use of entangled states. The basic idea is the following. If Alice
and Bob share a singlet state, and Alice measures her qubit in the X basis, she
projects Bob’s qubit into one of the eigenstates of the X measurement. If Bob
also measures his qubit in the same basis, he obtains a perfectly anticorrelated
measurement outcome. As such, by simply choosing one out of two settings at
random (See Fig 2), Alice and Bob can get a raw key from their outcomes after
comparing their bases, similar to the BB84 scenario. The advantage of E91 relies
on the possibility of using Bell tests to check the quality of their entangled state.
In particular, the maximal violation of the Bell-CHSH inequality [20] certifies
that the singlet state has been measured, without any assumptions on either the
underlying Hilbert space or on the proper calibration of the measurement device.
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This sets the framework for device-independent QKD (DIQKD) [21, 22, 23], which
offers security guarantees without assumptions on the shared quantum state or
measurement, and again without assumptions on computational power.
Figure 2: Schematic of the E91 protocol. Alice and Bob make measurements along
randomly chosen measurement directions on a singlet state of two qubits. After
their measurements they announce their basis choices. Measurement runs where
they had the same basis can be used to form the basis for the raw key. Other runs
can be used to ascertain the value of a Bell inequality to assess the quality of their
shared state.
The security guarantees provided by QKD have inspired efforts worldwide to
benefit from this technology, beginning with the first proof-of-principle experi-
ment spanning just 30cm [24]. From there, keys have been distributed between
increasingly distant sites via fiber [25, 26, 27], reaching past 300km while managing
losses greater than 50dB. Further lengthening of the distance will result in an un-
avoidable exponential increase in the loss, and hinder the effectiveness of QKD by
severely limiting the distributed key rate. Attempts have been made to overcome
these losses with the use of satellites, as the advantage here is that atmospheric
attenuation at high altitudes (∼0.07 dB/km) can be much lower than fiber, with
negligible attenuation from the vacuum of space [28]. Despite recent successes
with satellites [29, 30], there are several considerations to watch for. Even after
successfully launching a satellite, ensuring an always-open communications win-
dow requires the satellite to be geostationary, for which there are limited orbital
paths. Furthermore, the time of day can also change the background noise level of
the transmitted photon wavelength [31]. Although satellite implementations offer
some options, direct transmission remains an issue in QKD protocols.
What else can one do to overcome the problem of losses involved in direct
transmission? Classical communication networks involve the use of amplifier sta-
tions along the transmission path to boost the degraded signal. However, direct
amplification techniques are not directly applicable to QKD protocols, again due
to the no-cloning theorem [17, 18]. Quantum repeater architectures [32, 33] offer
4
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a promising solution. The basic principle is as follows. The global distance is
divided into n links, where entanglement is established within each link. This step
is made efficient by using quantum memories so that attempts at entanglement
creation are being done independently in each link. This drastically reduces the
losses, since the relevant efficiency is that of the efficiency of a single link η, as com-
pared to the direct transmission efficiency ηn. Successive entanglement swapping
operations can be performed by the repeater stations to establish entanglement
between the far away stations (see Fig 3).
Figure 3: Schematic of successive entanglement swapping across 4 links. (a) Dis-
tant users (A, E) wish to share entanglement, and can make use of quantum
repeater stations (B-D) situated between them. Consider the situation where the
stations have established entanglement between neighbouring systems, as shown
in green dotted lines. For example, station B has established entanglement via
direct transmission with A and C separately. (b) Stations B and D perform en-
tanglement swapping operations to allow station C to share entanglement with A
and E. (c) Next, station C performs swapping, establishing entanglement between
the distant users.
For the above quantum repeater architecture to be useful, it requires the entan-
glement within each link to be created in a heralded way. Also, neighbouring
stations must be able to perform entanglement swapping, and this requires ef-
ficient retrieval operations. These requirements are necessary for the quantum
repeater system to efficiently distribute entanglement.
The following protocol proposed by Duan, Lukin, Cirac and Zoller [34], known
as the DLCZ protocol, allows one to build a quantum repeater while satisfying the
requirements above, requiring only the use of atomic ensembles and linear optical
elements (see Figs 4 and 5).
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Figure 4: Write and read operations on a 3-level atomic system with excited
level |e〉 and two metastable states |g〉 and |s〉. (a) A far-detuned write laser
pulse (solid red arrow) creates a single delocalised excitation on |s〉, accompanied
by a write photon emission (blue dotted arrow) (b) The delocalised excitation
can be retrieved with the use of a resonant read laser pulse (blue solid arrow),
accompanied by a read photon emission (red dotted arrow).
Figure 5: Schematic of DLCZ protocol for building a quantum network. (a) Users
A and C wish to set up entanglement between their atomic ensembles (black
boxes) with the help of repeater station B. (b) Each site sends a far-detuned
write laser pulse onto one atomic transition, and they interfere the emitted write
photons in a beamsplitter, which might be situated closer to one of the sites.
(c) Upon a detection, each individual link has successfully created a delocalised
atomic excitation between the two ensembles (entangled ensembles are connected
with dotted green lines). (d) To connect entanglement, repeater station B has
to perform swapping. (e) Read laser pulses are sent into the atomic ensembles
in order to interfere the emitted read photons in a beamsplitter. (f) A detction
indicates that entanglement has been successfully swapped.
In the DLCZ repeater architecture, each link is made up of two atomic ensembles
(one at each node), and a central station with linear optics and photon count-
ing. Each ensemble of 3-level atoms is initially prepared in the ground state.
Far-detuned write laser pulses produce Raman scattered write photons correlated
with spin excitations. The write modes are combined using a 50-50 beamsplitter
in a central station, erasing the which-path information so that a single detector
after the beamsplitter heralds a single delocalised excitation in one of the two
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ensembles. These steps create entanglement between the two ensembles, which
share a single excitation. After two neighbouring links have been successfully set
up, read laser pulses are sent into atomic ensembles at the intermediate repeater
stations. The resulting read modes are then combined into a 50-50 beamsplit-
ter. The subsequent detection after the beamsplitter heralds the entanglement
connection between the far away locations. Since the two links involved in the
swapping each share a delocalised single excitation, the click after the beamsplit-
ter projects the remote sites into an entangled state. Crucially, the entanglement
needs to be swapped at a beamsplitter. This can be done, since the initial write
process imprints a momentum-dependent phase on the atomic ensemble, allowing
for retrieval into a well-defined spatial mode. Finally, once the desired sites have
been entangled with successive swapping operations, retrieval can be performed
on the entangled atomic ensembles to obtain a path-entangled state, which is an
entangled state of 2 optical modes sharing a single delocalised photon.
These simple ingredients that make up the DLCZ protocol are experimentally
appealing, and can even be used to constitute more effective architectures [33].
However, ensuring that these ingredients result in the successful distribution of
entanglement across long distances can require some investigation and fine-tuning.
Firstly, for a working quantum repeater system, high retrieval efficiencies of ∼ 90%
are crucial. Depending on the architecture, a reduction of the retrieval efficiency
by 1% can reduce the repeater distribution rate by 10 − 20% [33], highlighting
the retrieval efficiency as a critical factor. This motivates work on optimising the
retrieval efficiency from stored atomic excitations. Secondly, in order to make the
DLCZ repeater system more efficient, one might include a combination of different
systems as ingredients. This requires the ability to address each of these systems
using photons of different waveforms. We describe our results towards studying
and ensuring these conditions in Chapter 1: Atomic Ensembles for Quan-
tum Repeaters.
Instead of the atomic ensembles described in the original DLCZ protocol, one
might also explore the possibility of performing the DLCZ protocol with mechan-
ical resonators. To do this, one has to be sure that there is an initial process
creating correlated excitations between the resonator and the write photon mode,
and afterwards a subsequent process for retrieving the stored excitation into a
read photon mode. We recognise that these processes are possible with mechani-
cal resonators, and go on to design an entanglement witness to certify that these
7
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correlated excitations have been formed. These tools show that optomechanical
devices can form the cornerstone of future quantum repeaters. We explore such an
alternative platform in Chapter 2: Optomechanical Devices for Quantum
Repeaters.
Upon the successful setup of remote entanglement using quantum repeaters,
one might want to verify the quality of the resulting entanglement. The original
DLCZ article prescribes a method based on having an additional chain of DLCZ re-
peater systems, and then relying on postselection showing that entanglement was
present. This requirement for extra repeaters makes entanglement verification
logistically prohibitive. Postselection is also not useful in the implementation of
applications like device-independent QKD. A simple method of verifying entangle-
ment using local measurements would allow users to easily verify if the distributed
state is entangled. We present this method of verifying the success of the repeater
system in Chapter 3: Certifying Quantum Repeaters.
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ATOMIC ENSEMBLES FOR QUANTUM REPEATERS
As we have shown in the Introduction, the DLCZ protocol allows for quantum
repeaters to be set up while taming the losses from direct transmission. The use
of atomic ensembles allows for the entanglement in each link to be created in-
dependently. Swapping operations can connect entanglement once neighbouring
links have been established, so that entanglement can be established over long
distances. The distributed entanglement can then be used for the desired task.
So far we have described the use of atomic ensembles acting as the nodes of the
network. Eventually, distributing entangled states over intercontinental distances
might well involve dissimilar nodes so as to benefit from their respective advan-
tages [35]. Optimising the coupling within such hybrid networks would require the
careful matching of linewidths between the photons and respective devices [36].
In addition, optimisation of the retrieval efficiency from the quantum memory is
needed so as to minimise any losses from the swapping operations.
To address concerns with regards to the spectrum of the read photons, we
explore the control of the emission profile from a cold atomic ensemble [37]. We
have shown that a cold atomic ensemble of Rubidium-87 can act as a tunable
source of single photons, with controllable emission times varying over 3 orders of
magnitude (up to several tens of µs in duration) while maintaining the retrieval
efficiency. Aside from creating long duration gaussian-profiled single photons, we
also produced single photons of other shapes, including exponentially rising shapes
and double-peaked wave shapes. This further demonstrates a flexibility in con-
trolling photon waveforms for coupling within quantum networks.
9
Atomic Ensembles for Quantum Repeaters
Having explored the limits of a particular atomic sample with regards to the
emission duration, we go on to investigate the limits with regards to the retrieval
efficiency [38]. Taking close reference from the work of [39], we first examine the
dependence of the retrieval efficiency on given experimental parameters. For a
given optimal depth of an atomic ensemble, there is an optimal spin shape with
which to perform retrieval from. We thus propose a simple recipe for creating
near-optimal spin shapes in the sample so as to allow for high retrieval efficiencies.
This involves the use of a resonant exponentially rising write pulse that undergoes
significant attenuation by the sample. By optimising the duration of the resonant
write pulse we can create spin excitations that yield near-optimal retrieval effi-
ciencies for a given optical depth.
10
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Paper A
Generation of single photons with highly tunable wave
shape from a cold atomic ensemble
Pau Farrera, Georg Heinze, Boris Albrecht, Melvyn Ho, Matías Chávez,
Colin Teo, Nicolas Sangouard and Hugues de Riedmatten
Nature Communications 7, 13556 (2016)
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vast range of experiments in quantum information
science and technology rely on single photons as carriers
of information1. Single photon sources are thus key
components and have been continuously improved over the past
years2. The spectrum and temporal shape of the emitted photons
are important parameters of such sources3. The generation of
ultra-long single photons is for example an essential requirement
for precise interactions with media exhibiting a sharp energy
structure like trapped atoms, ions or doped solids, which have
been proposed as quantum memories for light4–6 and also with
cavity opto-mechanical systems7–11.
Several approaches to achieve narrow linewidth photons have
been investigated, including for example, cavity-enhanced
spontaneous parametric down conversion12–14, cold atomic
ensembles15–22, single atoms23,24, quantum dots25 or trapped
ions26,27. Moreover, signiﬁcant efforts have been devoted to
generate single photons with tunable temporal shapes20,26,28–34,
which is important for many applications in quantum
information science35,36. However, most of the previous
approaches offered only a limited tuning range of the photon
duration up to at most one order of magnitude20,26,32.
In this paper, we demonstrate a single photon source with a
wide tuning range of three orders of magnitude, up to single
photon durations of 10 ms. To our knowledge, this represents
the longest photons generated from an atomic ensemble. Our
source is based on a cold atomic ensemble quantum memory
(QM) following the scheme of Duan, Lukin, Cirac, and Zoller
(DLCZ)37, which allows us to release the single photons on
demand after a programmable delay. This is essential for
temporal synchronization tasks as for example needed for
quantum repeater architectures38,39 or synchronization of
photon pair sources40. In contrast to most former DLCZ
experiments, we apply readout pulses with very ﬂexible
temporal shapes, which are accurately controlled over several
orders of magnitude in amplitude and time. This enables the
generation of ultra-long single photons with very ﬂexible wave
shapes and coherence times much longer than the lifetime of the
involved excited state. We characterize the emitted photons by
measuring their heralded and unheralded autocorrelation
functions, demonstrating a high degree of anti-bunching and
purity.
Results
Heralded single photon source with controllable emission time.
Our heralded single photon source is based on a cold ensemble of
N identical 87Rb atoms in a magneto-optical trap. Each atom
exhibits a L-type level scheme consisting of a ground state
|gi¼ |52S1/2, F¼ 2, mF¼ 2i a storage state |si¼ |52S1/2, F¼ 1,
mF¼ 0i and an excited state |ei¼ |52P3/2, F¼ 2, mF¼ 1i (see
Fig. 1b). The atoms are initially prepared in the ground state |gi
by optical pumping. A weak write pulse, detuned from the
|gi-|ei transition, probabilistically creates a delocalized
single-collective spin excitation (spin-wave) in the memory by
transferring a single atom into the |si state. This process is
heralded by a Raman scattered write photon. The state of the
spin-wave is to ﬁrst order given by
1sj i¼ 1ﬃﬃﬃﬃ
N
p X
N
j¼1
eixj kW  kwð Þ g1 . . . sj . . . gN
 ; ð1Þ
where xj denotes the spatial position of the jth atom and kW and
kw are the wave vectors of the write pulse and the write photon,
respectively. Neglecting noise, the joint state of the write photon
and the associated spin-wave is described by a two-mode
squeezed state as
fj i¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 pp 0wj i 0sj i þ ﬃﬃpp 1wj i 1sj i þ p 2wj i 2sj i þ o p3=2
  
;
ð2Þ
with p the probability to create a spin-wave correlated with a
write photon in the detection mode. After a programmable delay,
the spin-wave is converted back to a single read photon by a read
pulse, which is resonant with the |si-|ei transition. Due to
collective interference of all atoms, the read photon is emitted in a
well deﬁned spatial mode given by the phase matching condition
kr¼ kRþ kW kw, where kR and kr are the wave vectors of the
read pulse and read photon, respectively. The noise-corrected
retrieval efﬁciency is deﬁned as Zret¼ (pw,r pw,nr)/pw, where pw,r
is the probability to detect a coincidence between a write and a
read photon, pw,nr is the probability to detect a coincidence due to
background noise and pw is the probability to detect a write
photon per trial.
Experimental set-up. The experimental set-up is shown in
Fig. 1a. All light beams are derived from diode lasers resonant to
the D2 line of 87Rb at 780 nm. To generate the desired laser
pulses, the beams are modulated by acousto-optic modulators in
double-pass conﬁguration driven by an arbitrary waveform
generator (Signadyne AWG-H3384) with a sampling frequency of
1GS s 1 and ampliﬁers (AA Optoelectronic AMPA-B-34). We
combine a magnetic gradient of 20G cm 1 with cooling light
(red detuned from the |F¼ 2i-|F 0 ¼ 3i transition) and
repumping light (resonant with the |F¼ 1i-|F 0 ¼ 2i transition)
to load NE108 Rubidium atoms into the MOT. After a 1.6ms
long optical molasses phase, we prepare all population in the |gi
Zeeman sublevel by applying repumping light and sþ polarized
optical pumping (OP) light on the |F¼ 2i-|F 0 ¼ 2i transition.
The spin-wave is generated by sending a write pulse of 15 ns
duration (full-width at half-maximum, FWHM), which is red
detuned by 40MHz from the |gi-|ei transition. The heralding
write photon is collected at an angle of 1 with respect to the
write/read pulse axis. By changing the intensity of the write pulse,
we can adjust the probability pw to detect a write photon per trial.
For the experiments presented in this paper, pw ranges between
0.25% and 1% depending on the measurement. The read pulse,
counterpropagating with the write pulse, is resonant with the
|si-|ei transition and its temporal shape can be precisely
controlled. The read photon is collected in the same spatial mode
but opposite direction of the write photon. By measuring the
transmission of classical light sent through the photons axis and
by comparison of experimental and theoretical data in Figs 2 and
5, we infer a coupling efﬁciency of the read photon into the ﬁrst
ﬁbre of ZﬁbreE60%. The polarization of the write and read pulses
OP
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Figure 1 | Experimental set-up and level scheme. (a) Experimental set-up.
Write pulse (W) and read pulse (R) are sent counterpropagating into the
atomic cloud. Write and read photons (denoted by w and r) are sent after
polarization ﬁltering via ﬁbres to frequency ﬁltering cavities before being
detected by SPDs. (b) Energy levels of the D2 line of 87Rb and coupling
scheme for the DLCZ experiment.
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in the frame of the atoms is s and sþ , respectively, while the
detected write and read photons are sþ and s polarized. We
use a combination of quarter- and half-waveplates with polar-
ization beamsplitters to transmit only the photons with the
correct polarizations. The write and read photons are moreover
spectrally ﬁltered by identical monolithic Fabry–Perot cavities
with ZﬁlterE20% total transmission (including cavity transmis-
sion and subsequent ﬁbre coupling), before being detected by
single photon detectors (SPDs) with Zdet¼ 43% efﬁciency and a
dark count rate of 130Hz.
Measurements. We now present the experimental results and
compare them to detailed theoretical calculations. To generate
read photons of variable length, we change the duration of the
Gaussian-shaped read pulse as well as the storage time over
several orders of magnitude (see Fig. 2). The shortest read pulse
duration of B17 ns leads to a read photon of around 23 ns
duration. After that initial data point, we observe a quite linear
increase of the read photon duration with the read pulse duration
up to several tens of microseconds. The lower limit of photon
duration is given by the limited optical depth OD¼ 5.5 in our
experiment, which leads to limited superradiant emission of the
read photon41. A further technical limitation is given by the ﬁnite
bandwidth of the spectral ﬁltering cavity of about 60MHz, which
additionally increases the detected duration for short read
photons. This effect, together with the deviation from the
adiabatic condition, partly explains the slight difference of the
ﬁrst data points in Fig. 2 from the theoretical prediction (see
below). The upper limit of photon duration is given by the spin-
wave linewidth, which is mainly determined by thermal atomic
motion and spurious external magnetic ﬁelds. This currently
limits the maximal storage time in the memory to about 50 ms
(see Supplementary Note 1 and Supplementary Fig. 1). In
addition, the photon duration will also be limited by the
coherence time of the read laser, which has a speciﬁed
linewidth of 20 kHz. However, within the above limits, we
demonstrate that the photon duration is fully tunable and that the
Gaussian wave shape of the driving read pulse is preserved in the
readout process (see insets).
The dynamics of the write and read photon pairs is modelled
using the Heisenberg–Langevin equations. For slowly varying
optical ﬁelds propagating in a pencil-shape atomic ensemble,
explicit expressions for both the write and read photon ﬁelds can
be obtained in the adiabatic approximation42. These ﬁeld
expressions can be subsequently used to reproduce the read
photon emissions conditioned on the detection of a write
photon from ﬁrst and second order correlation functions (see
Supplementary Note 2). The result of these simulations which are
based on independent measurements reproduce very well the
experimental data presented in Fig. 2.
To characterize the retrieval efﬁciency of the photon source, we
optimized the intensity of the driving read pulse for each duration
(see Supplementary Note 1 and Supplementary Fig. 2). Figure 3
shows the highest achievable ﬁbre-coupled retrieval efﬁciency
Zfibreret ¼ Zret/(Zﬁlter  Zdet) versus the read photon duration, which
corresponds to the probability of ﬁnding a read photon in the
optical ﬁbre after the vacuum cell, that is, corrected for ﬁltering
and detector efﬁciencies only. We observe a constant retrieval
efﬁciency of about Zfibreret ¼ 20% up to a read photon duration of
B10 ms. Our numerical simulations match very well with the
experimental data and also show that the efﬁciency in the
constant region is just limited by the ﬁnite OD of our atomic
cloud. We verify numerically that in the absence of technical
noise and considering inﬁnite spin-wave coherence, for OD¼ 50
an intrinsic retrieval efﬁciency of 80% can be achieved while
maintaining control of the photon shape. The decrease of the
efﬁciency at around 10 ms is due to dephasing of the spin-wave
induced by atomic motion, spurious external magnetic ﬁeld
gradients43 and the ﬁnite read laser coherence time. In particular,
our numerical simulations show clearly that in the absence of
technical noise and in the limit of inﬁnite spin coherence, the
efﬁciency is kept constant (see orange diamonds and dashed line
in Fig. 3).
Next, we characterized the state of the emitted read photons
by measuring their heralded and unheralded second order
autocorrelation functions depending on the read photon
duration. To perform these measurements, we inserted a balanced
ﬁbre beamsplitter into the read photon arm after the spectral
ﬁltering cavity, with both output ports connected to SPDs r1
and r2. First, we recorded the autocorrelation function condi-
tioned on the detection of a write photon, deﬁned as44:
g 2ð Þr1;r2 wj ¼
pr1;r2 wj
pr1 wj  pr2 wj ð3Þ
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Figure 2 | Temporal duration of the read photon versus the duration of
the driving read pulse. Experimentally measured durations (FWHM)
(blue circles, errorbars smaller than symbol size) are compared with
numerical simulations (red diamonds). The insets show two examples of
the read photon wave shape as reconstructed from the number of counts
and arrival times in the SPDs (blue histograms) as well as the simulated
wave shapes (red lines) for which we allowed at most 10% adjustment of
the input parameters to account for experimental inaccuracies.
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Figure 3 | Retrieval efﬁciency. Fibre-coupled retrieval efﬁciency Zfibreret
versus read photon duration (FWHM) for pw¼0.5%. Experimental data
(blue dots) are compared with numerical simulations (see Supplementary
Note 2) for realistic (red diamonds) and ideal (orange diamonds)
conditions. The red shaded area depicts the expected range if the input
parameters of the simulation are varied by±10%. The errorbars (±1 s.d.)
correspond to the propagated Poissonian error of the photon counting
statistics.
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where pr1,r2|w denotes the probability to measure a coincidence
between both read photon detections conditioned on a write
photon detection, and pr1|w, pr2|w are the probabilities to detect a
read photon via r1 or r2 conditioned on a write photon detection.
The data shown in Fig. 4a clearly demonstrate the nonclassicality
of the photons (that is, g 2ð Þr1;r2 wj o1) up to photon durations of
410ms. However, we do not reach the ideal value of g 2ð Þr1;r2 wj ¼ 0 of
perfect single photons. For short read photon durations, we are
still limited by noise due to higher-order components of the spin-
wave, which can be addressed by reducing pw. In fact, the
observed g 2ð Þr1;r2 wj E0.4 is consistent with former measurements at
similar values for pw and read pulse durations43. For longer read
photon durations, we observe an increase of g 2ð Þr1;r2 wj , which can be
simply explained by a higher number of dark counts of the SPDs
for longer read photon detection gates (see upper axis in Fig. 4).
The solid blue line shows the prediction of a non-perturbative
theoretical model accounting for detector imperfections45. The
agreement between the model and the experimental data is
excellent.
The single mode nature of the photon state is characterized by
the unconditional autocorrelation function g 2ð Þr;r (see Fig. 4b). For
an ideal two-mode squeezed state, where the write and read
photons are each emitted in a single temporal mode, one expects
g 2ð Þr;r ¼ 2, which is quite well fulﬁlled by the measured data up to a
read photon duration of roughly 1 ms. For longer durations, we
observe a drop, which can be attributed to either an increasing
temporal multimodality of the read photon (g 2ð Þr;r scales as 1þ 1/K
with K denoting the number of photon modes46) or to
measurement imperfections because of higher dark counts for
larger detection gates. The solid blue line shows the theoretical
prediction, assuming read photons emitted in a single mode.
The excellent agreement between experiment and theory suggests
that the read photons are emitted mostly in a single mode.
For comparison, we also plotted the expected behaviour for a
single photon with K¼ 2 modes (see purple dashed line), which
signiﬁcantly differs from the measured data, therefore, conﬁrming
the single mode nature of the emitted read photons.
Consequently, the read photons are close to being Fourier
transform limited, giving linewidths ranging from around
20MHz to o100 kHz. This, together with the conditional
g 2ð Þr1;r2 wj , allows us to conclude that the heralded read emission is
close to a pure single photon.
Finally, we investigate the ﬂexibility of the temporal shape of
the generated read photons. Instead of a Gaussian-shaped read
pulse, we apply read pulses with a rising exponential envelope or
a doubly peaked wave shape. These two examples are important
for a broad class of applications in quantum information science.
Photons with rising exponential wave shape exhibit the highest
possible absorbance when interacting with two-level systems35,47
and can be very efﬁciently loaded in optical cavities36,48.
The temporal shape of the generated rising exponential read
photon is shown in Fig. 5a. The driving read pulse had a 1/e
width of 300 ns. We observe a similar retrieval efﬁciency of
Zfibreret ¼ 19.8% as for a standard Gaussian-shaped pulse of same
duration (c.f. Fig. 3). The conditioned autocorrelation function of
the rising exponential photon is g 2ð Þr1;r2 wj ¼ 0.31±0.14 (taken at
pw¼ 0.25%) and g 2ð Þr1;r2 wj ¼ 0.73±0.12 (taken at pw¼ 0.5%), which
is clearly in the nonclassical regime.
As a ﬁnal example, we send a doubly peaked read pulse into the
prepared QM. The intensity and duration of the ﬁrst readout
peak was chosen such that the stored spin-wave is read out with
half of the maximal efﬁciency and for the second peak the
retrieval efﬁciency is maximized. This leads to a read photon with
a shape shown in Fig. 5b. Photons with such a delocalized shape
can be used to create time-bin qubits, which have applications in
robust long-distance quantum communication49,50. The efﬁciency
of the generated time-bin photon is Zfibreret ¼ 25%, comparable to the
standard Gaussian-shaped photons, and the conditioned
autocorrelation function is g 2ð Þr1;r2 wj ¼ 0.54±0.11 (taken at
pw¼ 0.25%) and g 2ð Þr1;r2 wj ¼ 0.75±0.08 (taken at pw¼ 0.5%), which
is clearly in the nonclassical regime.
Discussion
We demonstrated a highly ﬂexible heralded single photon source
with intrinsic storage capability following the DLCZ protocol37 in
a cold 87Rb ensemble. Compared with other approaches for
narrowband single photon generation, such as cavity-enhanced
spontaneous down conversion12–14, single atoms and ions in
cavities23,24,26,27 and four-wave mixing in atomic ensembles20,22,
our single photon source offers an unprecedented photon
duration tunability of three orders of magnitude and the
possibility to generate photons of highly ﬂexible wave shape
and an efﬁcient emission on a single spatial and temporal mode
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Figure 4 | Measurement of correlation functions. Second order
autocorrelation function of the generated read photons, (a) conditioned on
the detection of a write photon in the same experimental trial at
pw¼0.25% and (b) not conditioned on a write photon detection at
pw¼ 1%. The experimental data (blue dots) are compared with a theoretical
model accounting for detector imperfections, that is, a measured dark count
rate of 130Hz (blue lines). The dashed green line in (a) represents the
classical bound of a coherent state and the dashed purple line in (b) shows
the expected trace for a photon state with two modes. The errorbars
(±1 s.d.) correspond to the propagated Poissonian error of the photon
counting statistics.
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without the need of a high-ﬁnesse cavity (see Supplementary
Note 4 for a more detailed discussion).
Another important feature of our approach is that our single
photon source has intrinsic storage capability, which naturally
enables synchronization with other identical sources. In the
following, we discuss that possibility with our current set-up.
A deterministic synchronization of two such sources depends on
the average time separation between successful heralding events
(write photon detections) and the maximal storage time of the
source. The time between heralding events depends on several
parameters: First, the power of the write pulse determines the
probability pw and hence the detection rate of the Raman
scattered write photons. However, one cannot just arbitrarily
increase the write power to increase that rate because it would
also lead to a degradation of the nonclassical correlations between
both photons. Second, the various losses from the vacuum cell
toward the ﬁnal detection (mainly ﬁbre coupling, ﬁltering and
detector efﬁciencies) decrease the probability and hence the rate
to detect an emitted write photon quite signiﬁcantly (factorB20).
However, these are mainly technical issues, which could be
improved by better equipment.
In our experiment, we typically operate the single photon
source with a pw of around 0.5%. Using a heralded sequence (that
is, sending the read pulse only when a write photon was detected),
we can generate 500 trials per 1ms interrogation time for read
photon lengths of a few microseconds, which gives an average
time separation between heralding events of 400 ms. This is of
course much longer than the current storage time of about 50 ms
and would not allow for a deterministic synchronization of two
single photon sources with the current status of the experiment.
However, note that, ﬁrst, it is not necessary to be in the regime
where the storage time is longer than the delay between two write
photon detections to start improving the synchronization time
while using the QM. The important parameter is the number of
write attempts that can be done during the storage time51,52. Even
with the current set-up (NE25 trials per 50ms storage time), we
would reduce the synchronization time between two sources by a
factor 2Nþ 1E50 compared with single shot attempts51. Second,
with quite moderate improvements (a storage time of 1ms53,54
and a ﬁltering efﬁciency of Zﬁlter¼ 80%), the time separation
between heralding events would be 100ms, which would be 10
times shorter than the storage time, immediately enabling the
deterministic synchronization of several single photon sources.
In conclusion, we demonstrated a highly ﬂexible single photon
source with intrinsic storage capability following the DLCZ
protocol37 in a cold 87Rb ensemble. By varying the temporal
width of the driving read pulse, the duration of the read photons
could be changed over three orders of magnitude up to several
tens of microseconds. Up to a read photon duration of 10 ms,
we obtain a ﬁbre-coupled retrieval efﬁciency of Zfibreret ¼ 20%,
which is just limited by the OD in our experiment. We veriﬁed
numerically that for OD¼ 50 under ideal conditions, an intrinsic
retrieval efﬁciency of 80% can be achieved while maintaining
control of the photon shape. The drop in retrieval efﬁciency at
around 10 ms is mainly due to spin-wave dephasing induced
by thermal motion, which could be improved by a more
sophisticated trapping of the atoms32,53. The generated read
photons show a nonclassical behaviour up to durations of410 ms
for the heralded autocorrelation function and up to 1 ms we detect
single photons in a pure state, currently just limited by the dark
counts of our detectors. Finally, we create single photons with
a nonstandard envelope like rising exponential or time-bin
wave shapes, which have important applications in quantum
information science. Our approach allows the generation of
ultra-narrow single photons with unprecedented duration
tunability and highly ﬂexible wave shape. This will enable the
interconnection of our cold atom QM with other physical systems
exhibiting sharp resonances, like for example, Rb atoms prepared
in a highly excited Rydberg state under the condition of EIT.
Moreover, combining our approach with quantum frequency
conversion techniques53,55 paves the way to the optical
interconnection of the cold atom QM with different types of
quantum systems, which typically demand very different photon
shapes, like long-lived solid state quantum memories or
opto-mechanical systems. Finally, also applying the ability to
generate single photons with doubly peaked wave shapes
(as shown in Fig. 5b), one could demonstrate quantum state
transfer via time-bin qubits between different systems, which
would be an important step toward the creation of heterogeneous
quantum networks56.
Data availability. The data that support the ﬁndings of this study
are available from the corresponding author on request.
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1Supplementary Figures
Supplementary Figure 1: Fiber-coupled conditional retrieval efficiency ηfiberret vs the delay between the write and
read pulses. Experimental data (blue dots) are compared with numerical simulations (red shaded area). In order to account
for the observed Gaussian decay reflecting an inhomogeneous broadening of the |g〉 → |s〉 transition, the exponential decay
term e−γ0t in Eq. (5) is replaced with a Gaussian decay e−
1
2
(t/γ0)
2
, with γ0 = 53µs. The simulation is performed from Eq.
(7) and uses the following measured values: The write pulse has a Rabi frequency of ΩW = 25.1 MHz and a FWHM of 15 ns,
detuned by −40 MHz from the |e〉 → |g〉 transition. The peak Rabi frequency of the read pulse is at 23.5 MHz with a FWHM of
35 ns. We take dw = 7.5 and dr = 5. An error of 10% on the Rabi frequencies, pulse widths, optical depths and spin coherence
time was assumed in order to obtain the bounds on the simulation.
Supplementary Figure 2: Fiber-coupled conditional retrieval efficiency ηfiberret vs read Rabi frequency ΩR. Experi-
mental data (blue dots) are compared with numerical simulations (red shaded area). The simulation is performed from Eq.
(7) and uses the values of the write pulse presented in the caption of Supplementary Figure 1. The peak Rabi frequency of the
read pulse is varied and its FWHM is 1.27µs. It has a delay of 2.16µs from the write peak frequency. We take dw = 4.4 and
dr = 2.9. An error of 10% on the Rabi frequencies, pulse widths, optical depths and spin coherence time was assumed in order
to obtain the bounds on the simulation.
Supplementary Notes
Supplementary Note 1: CHARACTERIZATION OF THE QUANTUM MEMORY
In this section, we present additional experimental characterizations of the quantum memory and compare
them to simulations based on the formalism introduced in the former section. Note first that for simulating the
experimental data, we use the following conventions for the write (read) Rabi frequencies and optical depths:
ΩW = 2Ω¯W = 〈e|d · EW |g〉 (ΩR = 2Ω¯R) with d the dipole operator and EW the electric field amplitude of
the write pulse and dw = 2d¯w (dr = 2d¯r) such that the attenuation of the outgoing light intensity decreases as
I(L) = e−dw(dr)I(0).
2Supplementary Figure 1 shows the fiber-coupled conditional retrieval efficiency as a function of the delay between
the write and read pulses. To account for the observed Gaussian decay of the retrieval efficiency, reflecting an
inhomogeneous broadening of the |g〉 → |s〉 transition, all the simulations are performed by replacing the exponential
decay term e−γ0t in Eq. (5) with a Gaussian decay e−
1
2 (t/γ0)
2
.
To optimize the retrieval efficiency, we scanned the intensity of the driving read pulse for fixed photon durations.
For short photon durations, we observe the expected Rabi oscillations in the retrieval efficiency vs. read pulse power
[2]. If we generate photons with durations longer than the natural decay time, the oscillations are damped and the
efficiency approaches a constant value for high read pulse intensities. Supplementary Figure 2 shows such an example
of the fiber-coupled conditional retrieval efficiency as a function of the Rabi frequency ΩR of the driving read pulse.
Note that the results of Supplementary Figure 1 and Supplementary Figure 2 have been taken with slightly modified
setups, hence the differing optical depths.
Supplementary Note 2: PRINCIPLE OF NUMERICAL SIMULATION
Here, we explain how one can compute the read photon properties conditioned on a write emission. We begin by
solving the dynamics of the write field and the spin-wave. We then provide the explicit expression of the read field
before showing how it can be used to obtain the conditional read photon characteristics.
A. Write field and spin-wave expressions
Working with a Λ-scheme for a three level system, we consider a writing pulse Ω¯W (t) detuned by ∆ from the
|g〉 → |e〉 transition. The |e〉 → |s〉 transition is characterized by an optical depth d¯w. γes describes the decay of
coherence in the |e〉 → |s〉 transition, and γ0 describes the decay of the |g〉 → |s〉 coherence. In the limit where the
write field Eˆw is slowly varying, propagating in a pencil-shaped atomic ensemble in which the |g〉 → |e〉 transition is
driven by a off-resonant write pulse of duration τW satisfying γesτW d¯w  1, and also operating in the regime where
∆ |Ω¯W |, γes, the Raman scattering process results in the emission of a write field and the creation of a correlated
spin-wave Sˆ, whose dynamics are described with the Heisenberg-Langevin equations
c∂z′ Eˆw = iχSˆ†
∂t′ Sˆ
† = −ΓSSˆ† − iχEˆw + Fˆ †S (1)
Here, we introduced shifted coordinates z′ = z and t′ = t− z/c. χ(t) = (
√
d¯wγesc/L)
Ω¯W (t)
∆ , where L is the length of
the atomic medium, ΓS(t) = γS(t) + iδS(t), γS(t) = γ0 + γes
|Ω¯W (t)|2
∆2 , δS(t) = − |Ω¯W (t)|
2
∆ and FˆS is the Langevin noise
operator for the write process. The commutation relations for the relevant operators are given by
[Eˆw(z, t), Eˆ†w(z′, t′)] = Lδ[z − z′ − c(t− t′)]
[Sˆ(z, t), Sˆ†(z′, t)] = Lδ(z − z′)
〈FˆS(z, t)Fˆ †S(z′, t′)〉 = 2γSLδ(z − z′)δ(t− t′)
〈Fˆ †S(z, t)FˆS(z′, t′)〉 = 0 (2)
The equations of motion can be solved as shown in Ref. [1]. The solutions for the spin-wave and write field are
Sˆ†(z′, t′) = e−Γ(t
′)Sˆ†(z′, 0)
+
∫ t′
0
e−[Γ(t
′)−Γ(t′′)]Fˆ †S(z
′, t′′)dt′′
− i
∫ t′
0
χ(t′′)e−[Γ(t
′)−Γ(t′′)]H(z′, 0, t′, t′′)Eˆw(0, t′′)dt′′
+ e−Γ(t
′)
∫ z′
0
Gs(z
′, z′′, t′, 0)Sˆ†(z′′, 0)dz′′
+
∫ t′
0
e−[Γ(t
′)−Γ(t′′)]
∫ z′
0
Gs(z
′, z′′, t′, t′′)Fˆ †S(z
′′, t′′)dz′′dt′′ (3)
3and
Eˆw(z′, t′) = Eˆw(0, t′)
+ i(χ(t′)/c)e−Γ(t
′)
∫ z′
0
H(z′, z′′, t′, 0)Sˆ†(z′′, 0)dz′′
+ i(χ(t′)/c)
∫ t′
0
e−[Γ(t
′)−Γ(t′′)]
∫ z′
0
H(z′, z′′, t′, t′′)Fˆ †S(z
′′, t′′)dz′′dt′′
+ (χ(t′)/c)
∫ t′
0
χ(t′′)e−[Γ(t
′)−Γ(t′′)]Ge(z′, 0, t′, t′′)Eˆw(0, t′′)dt′′, (4)
where
H(z′, z′′, t′, t′′) = I0
(
2
√
[g(t′)− g(t′′)]z
′ − z′′
c
)
Gs(z
′, z′′, t′, t′′) =
√
g(t′)− g(t′′)
c(z′ − z′′) I1
(
2
√
[g(t′)− g(t′′)]z
′ − z′′
c
)
Ge(z
′, z′′, t′, t′′) =
(
c(z′ − z′′)
g(t′)− g(t′′)
)
Gs(z
′, z′′, t′, t′′).
Here, In(x) refers to the modified Bessel function of the first kind, and here we have defined Γ(t) =
∫ t
0
ΓS(t)dt,
g(t) =
∫ t
0
χ(t′)2dt′.
B. Read field expression
During the retrieval process, a read pulse with Rabi frequency Ω¯R(t) is applied resonant with the |e〉 → |s〉 transition,
converting the spin-wave in the atomic medium into a read field resonant with the |e〉 → |g〉 transition. The |e〉 → |g〉
transition is characterized by an optical depth d¯r. γeg describes the decay of coherence in the |e〉 → |g〉 transition.
Following similar arguments as Ref. [1], we can find the explicit expression of the read field Eˆr as a function of the
spin-wave resulting from the write process. Here, we consider a write emission at time ti, and a non-zero read field
at time td after the write pulse ends. For the retrieval, the read field is emitted backwards, towards the z=0 position
of the atomic medium. In the regime of d¯r  1 and sufficiently long read field duration τr  1γeg d¯r ,
Eˆr(0, t = td + ξ)
= − Ω¯R(t)
g
√
N
e−γ0(t−ξ)
∫ L+c∆τ(t,ξ)
c∆τ(t,ξ)
1√
2pi∆l(t, ξ)
exp
[
−1
2
(
L− z
∆l(t, ξ)
)2]
Sˆ (L− z + c∆τ(t, ξ), ξ) dz
− Ω¯R(t)
g
√
N
∫ t
ξ
∫ L+c∆τ(t,ξ)
c∆τ(t,ξ))
e−γ0(t−t
′)
√
2pi∆l(t, t′)
exp
[
−1
2
(
L− z
∆l(t, t′)
)2]
×[
FˆS(L− z + c∆τ(t, t′), t′)
+ i
∆l2(t, t′) + (L− z)(2c(∆τ(t, t′)) + L− z)
4γegc2(∆τ(t, t′))2
Ω¯R(t
′)FˆP (L− z + c∆τ(t, t′), t′)
]
dz
+
i
g
√
N
e−γ0tFˆP (0, t), (5)
where the commutation relations are
[Eˆr(z, t), Eˆ†r (z′, t′)] = Lδ[z − z′ − c(t− t′)]
〈FˆP (z, t)Fˆ †P (z′, t′)〉 = 2γegLδ(z − z′)δ(t− t′)
〈Fˆ †P (z, t)FˆP (z′, t′)〉 = 0.
4Here, ∆τ(t, t′) = L
d¯rγegc
∫ t
t′ Ω¯
2
R(t
′′)dt′′, and ∆l(t, t′) =
√
2Lc
d¯r
∆τ(t, t′). g refers to the coupling constant between a
single atom and a single read photon, and N corresponds to the number of interacting atoms. This can be expressed
as g2N =
d¯rγegc
L . ξ indicates a suitable time after the write pulse has ended, and where the read pulse is considered to
begin, so as to perform the numerical integration for the retrieval. FˆP is the Langevin noise operator for the retrieve
process.
C. Conditional retrieval efficiency
Equipped with the above expressions for the optical fields and spin-wave, we can compute the expectation of read
photon emissions conditioned on the emission of a write photon from
ηr|w =
c
L
∫ ∫ 〈Eˆ†w(L, ti)Eˆ†r (0, t)Eˆr(0, t)Eˆw(L, ti)〉dtidt∫ 〈Eˆ†w(L, ti)Eˆw(L, ti)〉dti . (6)
Evaluating the expression 〈Eˆ†w(L, ti)Eˆ†r (0, t)Eˆr(0, t)Eˆw(L, ti)〉 requires the expression in Eq. (4) and only the first
term in Eq. (5), which one in turn develops using Eq. (3). A tedious but straightforward computation then results in
12 nonzero terms, of which 3 terms are 4-point noise correlators. Such 4-point noise correlations can be evaluated with
use of Isserlis’ theorem, which allows a decomposition into 2-point noise correlators for Gaussian random variables.
This gives, for example,
〈FˆS(z1, t1)Fˆ †S(z2, t2)FˆS(z3, t3)Fˆ †S(z4, t4)〉 = 〈FˆS(z1, t1)Fˆ †S(z2, t2)〉 〈FˆS(z3, t3)Fˆ †S(z4, t4)〉
+ 〈FˆS(z1, t1)FˆS(z3, t3)〉 〈Fˆ †S(z2, t2)Fˆ †S(z4, t4)〉
+ 〈FˆS(z1, t1)Fˆ †S(z4, t4)〉 〈Fˆ †S(z2, t2)FˆS(z3, t3)〉,
where only the first term survives since the normal-ordered 2-point noise correlators are zero.
Finally, from the coupling efficiency of the read emission into the first fiber ηfiber, we can reproduce the fiber-coupled
conditional retrieval efficiency ηfiberret using
ηfiberret = ηr|wηfiber, (7)
valid in the low photon number regime (ηr|w  1).
D. Read photon shape
The explicit expression of the fields also allows us to predict the temporal dependence of the conditional read
emission, in a similar way as above. In particular, the conditional read photon flux inside the first fiber is given by
ncondr (t) =
c
L
∫ 〈Eˆ†w(L, ti)Eˆ†r (0, t)Eˆr(0, t)Eˆw(L, ti)〉dti∫ 〈E†w(L, ti)Ew(L, ti)〉dti ηfiber. (8)
Supplementary Note 3: QUANTUM FEATURES AND PURITY OF THE READ PHOTONS
To prove that the conditional read emission takes the form of single photons, we have measured the second order
autocorrelation function conditioned on the detection of a write photon. Assuming that the write-read photon
pairs are described by a two-mode squeezed vacuum state, an explicit expression of the conditional second order
autocorrelation function can be derived in a non-perturbative way while taking the detector imperfections into
account (non-unit, noisy and non-photon number resolving detectors), see Eqs. (24)-(25) in Ref. [3]. The agreement
between this model and the experimental data shows that the heralded second order autocorrelation function is
mainly limited by dark counts, see Fig. 4(a) in the main text.
5To conclude about the purity of the heralded read emission, we have also measured the (unconditional) second order
autocorrelation function. Assuming again that the state of the write-read photon pairs corresponds to a two-mode
squeezed vacuum, the exact expression of the second order autocorrelation function can be derived taking the detector
imperfection into account, see formula g˜
(2)∑
n an
after Eq. (39) in Ref. [3]. In particular, in the absence of noise and for
small detection efficiencies, the auto-correlation function is given by 1+1/K, i.e. depends on the number of modes K.
The full (blue) and dashed (purple) lines in Fig. 4 (b) of the main text are obtained by assuming that the read photons
are emitted in a single mode and in two possible modes respectively (with the detector imperfections). This shows
that the read emission is single mode and together with the result of the conditional auto-correlation measurement,
we conclude that the heralded emission is close to a pure single photon.
Supplementary Note 4: COMPARISON WITH OTHER APPROACHES
In this section, we briefly compare our approach with other investigated experimental platforms to generate ultra-
narrowband photons.
Cavity-enhanced spontaneous parametric down conversion (SPDC) has been proven to allow for generation of single
photons pairs at high rates and spectral brightness [4–6]. However, single photons with ultra-narrow bandwidth in the
range of 100 kHz have not been demonstrated yet via SPDC. The narrowest single photons in single mode generated
by SPDC so far has a bandwidth of around 2 MHz [6]. Although narrower linewidths are in principle possible, it
will be challenging to reach a linewidth as narrow as 100 kHz, because of the limited cavity finesse achievable due
to the optical loss in the non-linear crystal. Also the tunability of the photon waveshape, as demonstrated in our
manuscript, would be very challenging using SPDC, as it would require a dynamic and highly accurate control of the
cavity finesse. To the best of our knowledge, such tunable SPDC experiments have not been presented yet. Finally,
the SPDC approach alone doesn’t enable a controllable emission time for the heralded photon.
Another common approach is based on spontaneous four wave mixing (SFWM) by which bi-photon coherence times
up to 1µs could be obtained [7]. Although that approach offers a tunability of the photon duration of about one
order of magnitude [8], i.e. two orders of magnitude less than demonstrated here, photon durations are intrinsically
limited by the coherence times of the involved levels, which might be limited by dephasing due to a magnetic gradient
in the experiment. Also the delay between the generated anti-Stokes and the Stokes photons relies on slow light via
electromagnetically induced transparency (EIT). In our case, the magnetic field is switched off during the experiment,
leading to much longer coherence time. Also, the achievable delay between the two photons depends only on the
ground state coherence time. Finally, in contrast to the FWM case we also don’t need to deal with optical precursors.
Single photons of tunable length have also been produced by spontaneous Raman transitions in trapped single ions
[9]. Here, the photon length could be varied depending on the laser-controlled Raman transition rate. The longest
coherence time observed was 1.6µs limited by the natural lifetime of the particular transition in 40Ca+.
Finally, there have been also attempts to realize DLCZ-type quantum memories in hot atomic vapors. But their
performance is limited due to high background noise and collisional decoherence during the write and read-out process
[10]. A possible route to overcome these problems could be the use of micro-cells [11]. However, the generation of
ultra-narrow single photons still has to be demonstrated using that approach.
In other systems like in rare-earth doped solids, DLCZ-like experiments are currently being investigated [12–16].
Whether ultra-narrow single photons with widely tunable waveshape can be produced with that approach is still an
open question and needs to be further investigated.
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Abstract
Spontaneous Raman processes in cold atoms have beenwidely used in the past decade for generating
single photons.Here, we present amethod to optimise their efﬁciencies for given atomic coherences
and optical depths.We give a simple and complete recipe that can be used in present-day experiments,
attaining near-optimal single photon emission.
1. Introduction
On-demand single photon sources are appealing ingredients formany quantum information tasks. Examples
include the distribution of entanglement over long distances using quantum repeaters or quantum
communications with security guarantees which remain valid, independent of the details of the actual
implementation [1, 2]. These tasks necessitate stringent purity and efﬁciency requirements on the performance
of the single photon sources used. Techniques based on spontaneous Raman processes in cold atoms are among
themost advanced single-photon sources with such characteristics. The basic principle is to use an ensemble of
three-level atoms in aΛ-conﬁguration and two pulsed laserﬁelds (see ﬁgure 1(a)). Theﬁrst write pulse—the
write control ﬁeld—off-resonantly excites one transition, which can spontaneously produce a frequency-shifted
photon—thewrite photon ﬁeld—along the second transition through aRaman process. Since all the interacting
atoms participate in the process, and there is no information aboutwhich atom emitted the photon, the
detection of this write photon heralds the existence of a single delocalised excitation across the sample—an
atomic spinwave.Once the spinwave has been prepared, the atomic sample is ready to be used as a source, and a
second pulse—the read control ﬁeld—along the second transition performs a conversion of the atomic spin
wave into a second photon—the read photon ﬁeld. If the duration of the process is short enoughwith respect to
the atomic coherence times, and the optical depth of the sample sufﬁciently high, then the read photon is
emitted efﬁciently in awell deﬁnedmode and the protocol provides a viable single photon source.
Such sources have been at the core of numerous experiments during the last decade following the seminal
paper ofDuan, Lukin, Cirac andZoller [3], showing how they could be used for long-distance quantum
communication based on quantum repeater architectures (for reviews, see [4–7]). Recently, they have been used
as quantummemories with storage times up to 200 ms [8, 9] or as a source producing pure single photonswith a
temporal duration that can be varied over up to 3 orders ofmagnitudewhilemaintaining constant efﬁciencies
[10].We stress that the efﬁciency of such a source is a critical parameter for the implementation of efﬁcient
quantum repeater architectures.While very high efﬁciencies of∼90%are essential, a reduction of the source
efﬁciency by 1%can reduce the repeater distribution rate by 10%–20%, depending on the speciﬁc
architecture [4].
Several solutions can be envisioned to ensure high efﬁciencies. One solution relies on the use of an optical
cavity to enhance the spinwave–light conversion efﬁciency. Experimental efforts along this direction have
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resulted in efﬁciencies of up to 84% [11, 12]. An alternative solution involves increasing the atomic density in
order to obtain a larger optical depth [13]. This howevermakes operations like optical pumping and noise free
operationsmore challenging. This naturally raises the following question:What is the optimal efﬁciency that can
be achievedwith a bulk atomic ensemble having a certain optical depth?This question has been previously
addressed formemory protocols where single photons are ﬁrst absorbed before subsequently retrieved in awell
deﬁnedmode [14, 15].
Inspired by theseworks, weﬁrst examine the conditions on the spinwave shape for achieving optimal
photon retrieval efﬁciencies given the optical depths and speciﬁed energy levels in the atomic species.We
observe that the optimal spinwaves are decreasing functions in spacewhose decay depends on the optical depth.
The intuition is that the reemission process is a collective effect inwhich the ﬁelds emitted by each atom interfere
with each other. The best possible way for these ﬁelds to add up constructively is that theﬁeld amplitude
increases as it propagates into themedium. Afterﬁnding the optimal spinwave shapes, we recognise that current
approaches using off-resonant write control ﬁelds create non-idealﬂat spin excitations in the sample (previously
studied inworks such as [16]), since such control ﬁelds do not experience signiﬁcant intensity depletion during
propagation. To achieve better retrieval efﬁciencies, we propose a concrete solution (see ﬁgure 1(b)) to spatially
shape the spinwave using resonant, temporally shapedwrite control ﬁelds. Combinedwith fast read control
ﬁelds during the retrieval process, we show that our recipe achieves near-optimal retrieval efﬁciencies.
This paper is structured as follows: in the ﬁrst sectionwe discuss the optimal retrieval efﬁciency from a spin
excitation. For completeness, weﬁrst quickly review derivations in [15] that allow us toﬁnd the expression for
the retrieval efﬁciency of a complete retrieval process, wherewe beginwith only g sñ - ñ∣ ∣ coherences and
transfer all atoms to gñ∣ .We thenﬁnd the shapes of the spin excitation that yield the optimal retrieval efﬁciency
when complete retrieval is performed. In the second sectionwe propose the use of a resonant write control ﬁeld
to create heralded spin excitations similar to those that allow for optimal retrieval.We then give explicit
expressions for retrieval when using a quick read control ﬁeldwith a constant Rabi frequency. Finally, we include
a feasibility study in the case of a gas of Rubidium-87.
2.Optimal retrieval
2.1. Efﬁciency of a complete retrieval process
Weﬁrst review a derivation in [15] giving the dependency of the efﬁciency of the retrieval process on the relevant
quantities in the physical setup. This yields an expression for the retrieval efﬁciency, that depends only on the
shape of the spinwave fromwhich the retrieval is performed, and on the optical depth of the relevant transition.
We emphasise that thework in [15] focuses on absorptivememory protocols where aﬁeld isﬁrst absorbed in
an atomicmedium, creating a spinwave that can be read out later to re-emit the ﬁeld in awell deﬁned spatio-
temporalmode. To justify the relation to [15], in our proposal the spinwave creation is instead heralded by the
detection of thewrite photon ﬁeld, but the readout process is analogous, allowing us tomake use of [15] to
deduce the spinwave shapes thatmaximise the retrieval efﬁciency.
Figure 1.Λ energy level scheme and schematic of the proposed single photon source. (a)Write (read) control ﬁelds are indicatedwith
Rabi frequenciesΩW (ΩR) andwrite (read) photon ﬁelds are indicatedwith quantum ﬁelds w ( r ), each along their respective
transitions. In ourmodel the excited level eñ∣ is capable of spontaneous emission to themetastable states gñ∣ and sñ∣ . (b)A schematic of
the protocol indicates the sequence of events. A fast resonantwrite controlﬁeld of duration τW followed by awrite photonﬁeld
detection in a short timewindow τd heralds a spatially varying spinwave. A fastπ-pulse of duration τR then enables the retrieval of the
stored excitation. Laser pulses are shaded darker to indicate their stronger intensities as compared to theweaker photon emissions.
(c)Abackward retrieval conﬁgurationwith counterpropagating control ﬁelds results in photon ﬁeld emissions in opposing directions.
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Weconsider a three-level atomic system in aΛ-conﬁguration (see ﬁgure 1(a))with spin excitations present
in the formof g sñ - ñ∣ ∣ coherences. In the situationwhere almost all the atoms remain in gñ∣ and in a rotating
frame, the backwardwave propagation equation (see ﬁgure 1(a)) alongwith theHeisenberg–Langevin equations
ofmotion yield
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where P z t N z t, , ege i
L z
c1s= w- -( ) ( ) and S z t N z t, , egs i L zc1 2s= w w- - -( ) ( ) ( ) are rescaled and slowly varying
atomic operators (see appendix for details), withω1 (ω2) referring to the energy transition of the e gñ - ñ∣ ∣
( e sñ - ñ∣ ∣ ) transition. γeg (γ0) refers to the decay rate of the e gñ - ñ∣ ∣ ( g sñ - ñ∣ ∣ ) transition. L denotes the length
of the atomic sample andN the number of atomswithin this sample. FS and FP indicate the noise operators
associated to S and P, respectively. RW (Δ) refers to the Rabi frequency (detuning) of the classical write control
ﬁeld on the e gñ - ñ∣ ∣ transition, and r denotes the quantumﬁeld of the retrieval emission. The optical depth d
characterises the absorption of resonant light in the sample, such that the outgoing light intensity is
I z L e I z 0d0 2= = =-( ) ( ), validwhen the spectrumof the incoming light is well containedwithin the atomic
bandwidth.
Here, we consider the situationwhere retrieval is completed well within the spinwave decoherence time, and
thus ignore γ0. In computing the spin and photon numbers, we also ignore the Langevin noise terms FS and FP as
they appear in normal ordered form, and in the situationwhere almost all the atoms are in the ground state these
do not contribute.
Deﬁning ﬁrst the reversed functions P L z t P z t S L z t S z t, , , , ,- = - =¯ ( ) ( ) ¯ ( ) ( ) and L z t,r - =¯ ( )
z t,r ( ), then taking the Laplace transforms of equations (1) from L z z u- = ¢ l , we beginwith the following
set of transformed equations
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From equations (3) and (4)weﬁrst obtain the following result
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With equation (2)we can then rewrite the number of emitted photons η in terms ofP(u, t)
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where 2
1$- indicates the instruction to take the Laplace inverses of both u1 and u2 separately.With the use of
equation (5)we can next rewrite P u t P u t, ,1 2á ñ¯ ( ) ¯ ( )† as a full derivative and perform the integral to get
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where the last equality comes from the conditionswe assume in a complete retrieval process, i.e. that we begin
with only g sñ - ñ∣ ∣ coherences and at the end of the process all atoms are in gñ∣ . By performing the inverse
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Laplace transforms one sees that for complete retrieval in the backward direction6,
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where k z z I z z, er
d d d
L1 2 2 0 1 2
z z
L
1 2
2= - + ( )( ) and In(x) indicates themodiﬁed nth Bessel function of the ﬁrst kind.We
proceed by considering the situationwhere there is originally a single spinwave in the sample (such that
S z S z z, 0 , 0 d 1
L
L1
0ò =( ) ( )† ), and thus interpret η as the efﬁciency of the retrieval process. The retrieval
efﬁciency η is independent of the details of the read control ﬁeld used, and is a result of the ratio between desired
and undesiredmodes that are retrieved from the spinwave.
2.2.Optimal spin shapes for complete retrieval
Having shown the dependence of the retrieval efﬁciency on the spinwave shape and optical depth, we now look
to gain some intuition on howonemight obtain the optimal retrieval efﬁciencies, by plotting the spin shapes that
maximise the retrieval efﬁciency for given depths.
To do this, we recognise equation (6) as the continuous formof a product of discretised versions of kr (in the
formof amatrix) and Sñ∣ (in the formof a vector). Cast in this light, this integral can be computed by performing
amatrixmultiplication between the discretised versions of kr and Sñ∣ , and in this discrete approximation the
optimal spin shape is the eigenvector of krwith the largest eigenvalue. One can then interpolate the resulting
vector to obtain optimised spin shapes, which are shown as solid coloured lines inﬁgure 2.
The best spin shapes for optimal retrieval show a clear spatial dependencewith a bias (depending on the
optical depth d) towards placing larger excitation probabilities towards the retrieval direction (backwards in this
case). Intuitively, we see these shapes representing the best way to obtain constructive interference throughout
the retrieval process. As the opticalﬁeld is converted from the spinwave towards the retrieval direction, it
beneﬁts from encountering a higher excitation from the atoms it next encounters.Wewill denote the retrieval
efﬁciencies from these optimal spin shapes as *h .
3. Practical recipe for achieving near-optimal retrieval efﬁciencies
3.1.Heralding spatially varying excitations fromwrite photon detections
In the previous section, we have outlined how the retrieval efﬁciency depends on the shape of the given spin
excitation, and also how the optimal spin shapes can be computed. Herewe propose amethod of conveniently
creating spin shapes that yield near-optimal retrieval efﬁciencies. In contrast to creating spin excitations using
spontaneous Raman processes enabled by far-detunedwrite control ﬁelds, we explore the use of resonant
control ﬁelds instead, which create spin excitations with signiﬁcantly position-dependent excitation proﬁles.
These proﬁles can be controlled by tuning the duration of thewrite control ﬁeld, which is in turn related to the
Figure 2.Optimised spinwave shapes for retrieval in the backward direction (solid lines)when compared to the bestﬁtting
exponential shapes created by our resonant write protocol (dotted lines).
6
In [15], equation (6) is said to describe the optimal retrieval efﬁciency from a given spinwave. For us, we see this retrieval efﬁciency function
as a description of complete retrieval in the absence of spinwave decoherence, which ismade optimal onlywhen providedwith the correct
spin excitation.
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frequency spread. A shorter (longer)writeﬁeld duration implies that it has a wider (sharper) spread in
frequency, and this thus affects howquickly thewrite pulse is depletedwithin the sample.
We give a detailed derivation of thewrite process in appendix B.1. To summarise (seeﬁgure 1(b)), beginning
with all atoms in the gñ∣ -level, we send a short rising exponential resonant write pulsewith Rabi frequency
t0, eW W
tmax WW = W t( ) that does not signiﬁcantly excite the atoms to the eñ∣ level ( 1W Wmax tW  ). If sent with a
sufﬁciently short duration (τW= 1/γeg, τW= 1/γes) and shut off at t=0, one can consider only the dynamics
along the g eñ - ñ∣ ∣ transition, and obtain atomic coherences of the form (see appendix B.2)
z, 0 e e , 7ge k zi . 0
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w 2s q= -a( ) ( )
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+ + and kw indicates thewave vector for thewrite photon, which is
described using a quantumﬁeld w . Immediately after the preparation, we look for the detection of write
photonswithin a short detectionwindow τd as a herald for single spin excitations. This avoids potential
dephasing effects from the decoherence of the eñ∣ level. In this short detectionwindowof duration
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ismuch smaller than 1, we obtain (see appendices B.3 andB.4)
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where γes (d¯) refers to the decay rate (optical depth) of the e sñ - ñ∣ ∣ transition. Thewrite photon number ηw is
simply the product of d es dg t¯ and the fraction of excited atoms (averaged across the sample).
In this same regime for τd, to leading order the corresponding heralded spin state is (see appendix B.5)
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which has an exponentially decaying spatial dependence from the z=0 side of the sample. The extent of this
spatial decay is characterised byα, which does depend on the given properties of the atomic sample, but can be
controlled by varying thewrite control ﬁeld duration τW.One can compare this class of heralded spin shapes
(created from exponentially risingwrite pulses) to the optimal spin shapes inﬁgure 2.
3.2. Performing fast retrieval
Wenowproceedwith the retrieval process, and spell out the exact requirements for a certain implementation of
retrieval—the fastπ-pulse using a squarewaveformof duration τR.Once again, we focus on retrieval processes
completedwell within the spinwave decoherence time and performed under relevant experimental conditions.
We thus ignore both the spin decoherence and Langevin noise terms in equation (1). Herewe have implicitly
assumed that the energy levels of the gñ∣ and sñ∣ levels are degenerate7. See [15, 17] for details.
With a resonant square retrieve pulse in the backward direction (see ﬁgure 1(c)) oneﬁnds the following
simple expression for the dynamics of the spinwave (details given in appendix A.1)
S u t AS u t BS u t¨ , , , 0, 10+ + =¯ ( ) ¯˙ ( ) ¯ ( ) ( )
where A 1eg
d
Lu
g= +( ) and B R2= W (for realΩR), andwe have taken the Laplace transform L z z u- = ¢ l .
In the regime8where d2 1egR gW + ( ), weﬁnd B A4 2 , and obtain the following solution
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wherewe then see thatwith a sufﬁciently fastπ-pulse (such that 2ΩRτR=π) obeying γeg (1+d) τR=2, one
can convert S toPwithout loss, yielding
7
The phase-matching condition in one dimension is fully satisﬁed for co-propagating pulses and emissions, even in the non-degenerate
case. For counterpropagating strategies like the onewe suggest, one requires the condition k L 1D ∣ ∣ , where k k k k kW w R rD = - = -( )
refers to the difference inwave vector along our 1-dimensional system for thewrite (read) control and photon ﬁelds (see appendixC).
8
In considering the lossless preparation of P u t,¯ ( ) from S u t, dt=¯ ( ), requiring 2ΩR? γeg(1+d) for theπ-pulse can be demanding.
However, we show in appendix A.3 that one can achieve the same retrieval efﬁciency even in the slow readout regimewherewe do not
separate theP preparation process from the emission.
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P u S u t, i , . 13R d dt t t+ » =¯ ( ) ¯ ( ) ( )
The emitted read photonﬁeld can then be obtained by solving the set of equations in (1) after the fast read
control ﬁeld has ended (see appendix A.2), giving
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this emitted ﬁeld then yields a retrieval efﬁciency given by equation (6).
3.3. Comparison
Wehave seen that the proposed retrieval protocol yields a dependence on the spin shape, as described by
equation (6). Hencewe now compare the retrieval efﬁciencies attainable with our protocol and compare them to
the optimal ones.
We can estimate the achievable efﬁciency of our protocol by choosing awrite pulse duration such that the
heralded spin shape bestﬁts the optimal spin shape. A good approximation to this write pulse duration is well
described in [19], and given by
1 1
1
. 15
eg
dW
approx
2
t
g
=
+
( )
Aswe showbelow, this simple expression for thewrite pulse duration essentially produces the optimal efﬁciency
available for a given optical depth. This is hence thewrite pulse durationwe recommend.
We also compute the retrieval efﬁciencies ηfwd that would be obtained if the resonant write pulse of duration
W
approxt were to be followed by a co-propagating retrieve pulse instead. This would result in a situationwhere the
spinwavewould be far fromoptimal with respect to the retrieval direction. Inﬁgure 3, we compare the optimal
efﬁciency *h , the efﬁciencies ηres and ηfwd obtainedwith our proposal (from a spinwave created from a resonant
exponential pulse with duration W
approxt ) together with the efﬁciency of the standard approach using far off-
resonant write pulses, for which the efﬁciency is bounded by the complete retrieval efﬁciency fromaﬂat spin
wave [15]
I d I d1 e , 16doff res 0 1h = - +- - ( ( ) ( )) ( )
whichwe have veriﬁed numerically. This retrieval efﬁciency is valid for retrieval fromboth the forward and
backward directions from aﬂat spinwave.
Our proposal approaches optimal efﬁciencies, performingwithin∼10−3 of *h and compares favourably
with respect to the standard off-resonant case. The improvement in efﬁciency is dependent on the optical depth,
andwe present some values in table 1.
Figure 3.Retrieval efﬁciency as a function of the optical depth. Blue circles indicate the retrieval efﬁciency from the optimal spinwave.
Yellow triangles (green diamonds) indicate the efﬁciency frombackward (forward) retrieval for the proposed recipe that uses an
exponentially risingwrite controlﬁeld. The black dashed line indicates the retrieval efﬁciency using the standard approachwith off-
resonant write controlﬁelds.
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Finally, we have also investigated the on-resonance retrieval with an exponentially increasing write pulse
using non optimised pulsewidths W eg
1t g= -( ), but ﬁnd a saturation of only∼67%of the retrieval efﬁciency for
high optical depths.
3.4. Retrieval into a singlemode
For a single photon source to be useful, one needs to not only efﬁciently emit a single photon, but also to ensure
that the said photon is emitted in a singlemode. In ourmodel we have assumed that thewrite and read photons
are each in a singlemode.
For an actual implementation, oneway to check that a singlemode for thewrite and read photons are
collected and detected, is to perform an autocorrelationmeasurement with two detectors after a 50-50
beamsplitter (see appendixD). Under the assumption that thewrite and read photons are correlated through
vacuum squeezing processes, thismeasurement allows us to determine the number of emissionmodesK, as it
gives g 1
K
2 1~ +( ) [20] (valid in the absence of detector noise and for small emission probabilities).
4. Feasibility study of Rubidium-87
For a feasibility studywe consider aΛ-system consisting of the following energy levels from theD-2 transition of
Rubidium-87: g m s m5 S , F 2, 2 , 5 S , F 1, 02 1 2 F 2 1 2 Fñ = = = ñ ñ = = = ñ∣ ∣ ∣ ∣ and e 5 P , F2 3 2ñ = =∣ ∣
m2, 1F = ñ. By taking into account the relevant branching ratios, we take 2 6.067 MHzeg
1
12
g p= ( ) and esg =
2 6.067 MHz1
8
p( ) .
Weﬁrst consider an optical depth of d=20 on the e gñ - ñ∣ ∣ transition. From equation (15), weﬁnd that a
suitable write control ﬁeld duration is given by 0.09eg W
approxg t = . This implies aﬁeld duration of 29Wapproxt »
ns. Further considering an optical depth of d 20=¯ on the e sñ - ñ∣ ∣ transition and aweakwrite control ﬁeld such
that 0.01W
max
WtW = , the number of write photons is nw=2×10−4 within a short detectionwindow of
τd≈100 ns.We note that the ability to create pulses with a rising exponential shapewithﬁeld amplitude
duration as low as 20 ns has already been demonstrated inworks such as [21, 22].
Subsequently, the retrieval pulse on the e gñ - ñ∣ ∣ transition requires a Rabi frequency of
2 5.3 MHzR pW  ( ) , with a predicted retrieval efﬁciency of 89%, essentially achieving *h (see table 1). This
compares favourably to the retrieval efﬁciency from aﬂat spinwave 82%off resh =- .
5. Conclusion
In this work, we have discussed conditions for the optimal generation of single photons from spontaneous
Raman processes in cold atoms.
We have ﬁrst recognised that the ability to create favourable spinwave shapes can signiﬁcantly improve the
heralded retrieval efﬁciency. Since the reemission process is collective, the retrieval process beneﬁts from all
atoms participating favourably, in this case beneﬁtting from a particular optimal spin shape. A resonant write
pulse offers the option to create spatially varyingwaves due to its signiﬁcant interaction through the sample.We
have thus proposed a detailed recipe to create single photonswith efﬁciencies that compare favourably to
standard strategies utilising ﬂat spinwaves.
The recipe focuses on cases where the spin coherence time is longer than the optical coherence times and
consists inﬁrst specifying the decay rates γeg and γes from the excited states and the optical depths d and d¯ on the
e gñ - ñ∣ ∣ and e sñ - ñ∣ ∣ transitions. Then the recipe ﬁxes the duration of the detectionwindow to be smaller than
the shortest decoherence times, that is, theminimumof 1/ γeg and 1/γegwhilemaintaining that the number of
write photons is sufﬁciently low. Finally, the recipe proposes to take for thewrite pulse an exponential rising
function in time, whose duration is given by 1W eg
dapprox 1
2
1
t g= +-
-( ) . To estimate the heralding rates, one can
Table 1.Comparison of retrieval efﬁciency fromdifferent
spin shapes.
d fwdh off resh - resh *h
0.1 0.047 6 0.047 6 0.047 6 0.047 6
1 0.314 0 0.326 3 0.330 5 0.330 5
10 0.567 1 0.750 9 0.813 4 0.814 2
20 0.618 3 0.822 7 0.892 1 0.897 3
100 0.760 0 0.920 3 0.972 8 0.974 5
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next compute thewrite photon numberwith the formula in equation (8) given the Rabi frequency of thewrite
pulse. The readout efﬁciency obtainedwith a fast readout pulse, that is a readout pulsewith a durationmuch
smaller than the atomic coherence times, reaches the values given inﬁgure 3 (yellow triangles) as soon as the
corresponding Rabi frequency deﬁnes essentially aπ-pulse. This recipe describes a convenient way to come close
to the optimal efﬁciency of single photon sources with given optical depths based on spontaneous Raman
processes. This work could help in the implementation of the ﬁrst quantum repeater protocol successfully
outperforming the direct transmission of photons [4].
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AppendixA. Retrieval process
A.1. Retrieval emission dynamics
Webegin from theHamiltonian H H V0= + (see [15]), wherewe consider an atomic sample of length L, and a
classical ﬁeld sent from the z=L side of the sample. Choosing gñ∣ to be the energy level reference for the atomic
states, we have
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where i is m n= ñ ámn ∣ ∣ indicates atomic level operators for the ith atom, and aw indicates the annihilation operator
for the photonicmode at frequencyω.ω2 (ω1) indicates the frequency of the read control (photon)ﬁeld,
respectively. Note that we are considering resonant pulses, sowe haveω1 (ω2)=ωe (ωs). Using
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for the change of frame, then in the continuum limit, we obtain
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-( ) . Using theﬁeld propagation equation alongwith theHeisenberg–Langevin
equations ofmotion, we have in amoving coordinate frame, ignoring spinwave decoherence and the noise
terms, and also considering thatσgg∼1,
z t
g N
c
P z t
P z t P z t g N z t t S z t
S z t t P z t
,
i
,
, , i , i ,
, i , ,
z
eg
r
t r R
t R

g
¶ =-
¶ =- + + W
¶ = W
( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
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where g N
d c
L
2 eg= g , P z t N z t, , ege i
L z
c1s= w- -( ) ( ) and S z t N z t, , egs i L zc1 2s= w w- - -( ) ( ) ( ) . In the continuum
limit, the spin and ﬁeld operators obey the following commutation relations
z t z t
L
N
z z z t, , , , 19s s d d s d¢ = - ¢ -ab mn bm an na[ ( ) ( )] ( )( ( ) ( )
z t z t
L
c
t t, , , . 20r r  d¢ = - ¢[ ( ) ( )] ( ) ( )†
Rewriting equations (A.1) in the reverse direction e.g. z t L z t z t, , ,r r r  ¢ = - =¯ ( ) ¯ ( ) ( ), and taking the
Laplace transform from z u¢ l we obtain
u t
g N
cu
P u t
u
z t
P u t P u t g N u t S u t
S u t P u t
,
i
,
1
0, ,
, , i , t i , ,
, i t , . 21
eg
r r
t r R
t R
 
g
= + ¢ =
¶ = - + + W
¶ = W
¯ ( ) ¯ ( ) ¯ ( )
¯ ( ) ¯ ( ) ¯ ( ) ( ) ¯ ( )
¯ ( ) ( ) ¯ ( ) ( )
Wecan combine these three equations into a single differential equation, wherewe have ignored the boundary
term z t0,r ¢ =¯ ( ) sincewe send the read control ﬁeld into the z=L side of the atoms.On resonance (Δ=0),
let A eg
g N
cu
2
g= + and B R2= W to see
S u t AS u t BS u t¨ , , , 0. 22+ + =¯ ( ) ¯˙ ( ) ¯ ( ) ( )
A.2. Fast retrieval
In the strong regime for the read control ﬁeld, one requires d2 1egR gW +∣ ∣ ( ), which implies
dz
L
d
Lu
2 1
2 1 ,
eg
eg
R
R
g
g
W + ¢
º W +

 ⎜ ⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝
⎞
⎠
which then yields the regime B A4 2 .
The solution for equation (22) in this regime is
S u t t C u t C u, e cos e sin ,At At2 R 1 2 R 2= W + W- -¯ ( ) ( ) ( ) ( ) ( )
where the initial condition implies
S u t t S u t, e cos , 0 .At 2 R= W =-¯ ( ) ( ) ¯ ( )
One can thenﬁnd the prepared polarisation in terms of the intial spin condition,
P u t S u t
A
t t S u t
,
1
i
,
i
e
2
cos sin , 0 .
R
t
R
t
R R R
A
2
=
W
¶
=
W
W + W W =- ⎡⎣⎢
⎤
⎦⎥
¯ ( ) ¯ ( )
( ) ( ) ¯ ( )
In the limit wherewe have a sufﬁciently strong read control ﬁeld d2 1egR 2gW +
p( ( )), theπ-pulse is
completed quickly andwe obtain a lossless preparation of P u t,¯ ( ) from S u t, 0=¯ ( ) in the form
P u S u t, i , 0 . 23Rt = =¯ ( ) ¯ ( ) ( )
Once the polarisation is prepared, weﬁnd the emission by solving for the dynamics in the absence of the laser,
z t
g N
c
P z t
P z t g N z t
, i , ,
, i , .
z
t eg
r
r

g
¶ = -
¶ + =
¯ ( ) ¯ ( )
( ) ¯ ( ) ¯ ( )
Taking the Laplace transform from L z z u- = ¢ l and neglecting the boundary term since it does not
contribute to the photon number, we have
u t
g N
cu
P u t
P u t g N u t
g N
cu
P u t
, i , ,
, i , , .t eg
r
r
2

g
=
¶ + = = -
¯ ( ) ¯ ( )
( ) ¯ ( ) ¯ ( ) ¯ ( )
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This yields the evolution ofP(u, t) after its preparation from S(u, t),
P u t P u, e , , 24
t
R
eg
g N
cu
2
R t= g t- + -( )¯ ( ) ¯ ( ) ( )( )
and gives an emittedﬁeld of
z t
g N
c
z J
g N
c
t z z P z
, i e
d 2 , ,
t
z
r
0
0
2
R R
eg R
ò t t
¢ =
´ ´ - ¢ - ´ ¢
g t- -
¢ ⎡
⎣
⎢⎢
⎤
⎦
⎥⎥
¯ ( )
( )( ) ¯ ( )
( )
where J xn[ ] refers the nth Bessel function of the ﬁrst kind.Nowwith z L z¢ = - , we require the ﬁeld at z=0
for backward retrieval, andweﬁnally obtain
t
g N
c
z J
g N
c
t L z S L z
0, e
d 2 , 0 , 25
r
t
L
0
0
2
eg
ò
=-
´ ´ - ´ - ´
g-
⎡
⎣
⎢⎢
⎤
⎦
⎥⎥
( )
( ) ( ) ( )
wherewe have used equation (23) for a lossless preparation.
A.3. Slow retrieval
In theweak regime for the read control ﬁeld, one requires 2 egR gW ∣ ∣ , which implies
dz
L
d
Lu
2 1
2 1 ,
R eg
R eg
g
g
W +
º W +


⎜ ⎟
⎜ ⎟
⎛
⎝
⎞
⎠
⎛
⎝
⎞
⎠
which then yields the regime B A4 2 .
The solution for equation (22) in this regime is
S u t C C, e 1 e 2 .A A B t u A A B t u4 4
1
2
2 1
2
2= +- + - - - -¯ ( ) ( ) ( )( ) ( )
When there is no laser (B= 0), there should be no spinwave decay sincewe have considered zero spinwave
decoherence, sowe setCu(1)=0 and obtain
S u t S u t, e , 0 .A A B t4
1
2
2= =- - -¯ ( ) ¯ ( )( )
Now, in this regimewhen the Rabi frequency is small, we have
e e
e
e
A A B t A A t
t
t
4 1
B
A
B
A
eg
d
Lu
1
2
2 1
2
4
2
2
1
=
»
=
- - - - - -
-
-
g
W
+
( ) ( )
( )
This gives
S u t S u t, e , 0 ,Kt s u
1
1= =- +¯ ( ) ¯ ( )
where K
eg
R
2
= g
W and s d
L
= . One can proceed toﬁnd P u S u, t , t1
i tR
= ¶W¯ ( ) ¯ ( ) and u t P u t, i ,
g N
cu
 =¯ ( ) ¯ ( ), giving
u t
g N
c
K
u s
S u t,
1
e , 0 .Kt Kt
R
s
s u = -
W +
=- + +
⎡
⎣⎢
⎤
⎦⎥( )¯ ( ) ¯ ( )
This yields
z t
g N
c
K
I Kts z z S z t z
, e
e 2 , 0 d . 26
Kt
z
s z z
0
0

ò
¢ = -
W
´ ¢ - ´ ´ = ´
-
¢
- ¢- ´
¯ ( )
( ( ) ) ¯ ( ) ( )( )
One can then compute the retrieval efﬁciency from a single spinwave, and this is found to yield the optimal
retrieval efﬁciency.
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t
c
L
t t
t
d
L
z z
I Kt
d
L
L z I Kt
d
L
L z
S L z t S L z t
L
z
L
z
d
I
L z
L
L z
L
S L z t S L z t
d 0, 0,
d e d d e
2 2
, 0 , 0
1
d
1
d
2
e
d , 0 , 0
R
eg
Kt
L L
L z z
L L
0
0 2
2
2
0
1
0
2
2
0 1 0 2
1 2
0
1
0
2
0
1 2
1 2
d
L
d L z L z
L
1 2
2
1 2
 ò
ò ò ò
ò ò
g
á ñ
= W ´ ´
´ - ´ - ´
´ á - ´ = - ´ = ñ
= ´ ´
´ - ´ - ´ á - ´ = - ´ = ñ
¥
¥
- - - ´- ´
- - ´ + - ´
⎡
⎣⎢
⎤
⎦⎥
⎡
⎣⎢
⎤
⎦⎥
⎡
⎣
⎢⎢
⎤
⎦
⎥⎥
( ) ( )
( ) ( )
( ) ( )
( ) ( )
†
( )
†
†
( ) ( )
where In[x] denotes the nthmodiﬁed Bessel function of theﬁrst kind.We havemade use of the fact that
I z J zi in n n= -( ) ( ) and also J x J x x Ie 2 2 d expx0
1 2 2 2ò b g = -a n n a n
bg
a
b g
a
¥ - +( )( )( ) ( ) .
Appendix B.Write process
B.1.Heisenberg–Langevin equations for the atomic coherences
The goal here is toﬁrst derive the expressions for the evolution of the atomic coherences in thewrite process.We
begin from theHamiltonian H H V0= +¯ ¯ ¯
H a ad 27
i
N
s ss
j
e ee
j
0
1
  ò åw w w s w s= + +w w
=
¯ ( ) ( )†
V t z c
g
L
c
a
e
2
d e H.c. . 28
i
N
i eg
i t z c
z c
es
i
1
W
i
i
i
i
1
ò
å s
p
w s
=- W -
+ +
w
w w
=
- -
⎞
⎠⎟
¯ ( ( )
¯ ˆ ( )
( )
Using
A z z t z t
U
d , , ,
e
i
N
s ss
i
e ee
i
w w
At
1
2
i
    

òå w s w s w= + +
=
=
-
¯ ( ) ( ) ( )
¯
†
¯
for the change of frame, then in the continuum limit, we obtain
H U HU A
a a z z t z t
N
L
z t z c z t
g z t z t
d d , ,
d , e H.c.
, , e H.c. , 29
w w
eg
z c
w es
z c
new
2
W
i
i
1
2
 

 

ò ò
ò
w w
s
s
= -
= -
+ - W - +
- +
w w
w
w
¯ ¯ ¯ ¯ ¯
( ) ( )
{ ( ) ( )
( ) ( ) } ( )
†
† †
wherewe have deﬁned z t d a, e eL
c
t z c
w 2
i i2 2 ò w= p w w w w-( ) ( ) .
Assuming a real Rabi frequencyΩW, this yields theHeisenberg–Langevin equations as follows:
g F
g F
F
i e
i e
i e
i e
i e , 30
se es se W
z c
sg
w
z c
ee ss se
sg sg W
z c
se
w
z c
eg sg
eg eg eg W
z c
gg eg
t
i
i
t 0
i
i
t
i
1
2
1
2
1


s g s s
s s
s g s s
s
s g s s
¶ = - + W
- - +
¶ =- + W
- +
¶ =- - W +
w
w
w
w
w
-
-
¯ ( )
¯
( )
whereω1 (ω2) indicates the frequency of thewrite control ﬁeld (write photon ﬁeld), respectively,
and g N
d c
L
2 es= g¯ ¯ .
B.2. Creating atomic coherences
During thewrite process we account for possible depletion of thewrite laser intensity, and hence do not assume
ΩW(r, t) to be constant throughout the sample. As a result of the laser we create coherences between the g eñ - ñ∣ ∣
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transition, which forms the initial state for thewrite photon ﬁeld.Herewe proceed toﬁnd the atomic coherences
prepared as a result of our exponential shaped resonant write control ﬁeld.
For a sufﬁciently short write control ﬁeld, the dynamics of the ﬁeld and the atoms can be describedwith the
dynamics along the g eñ - ñ∣ ∣ transition. Ignoring the noise terms onσge andmaking the analogy between the
classical and quantum ﬁelds on the g eñ - ñ∣ ∣ transition,
c z t g N z t
z t
z t
, i , e ,
i , e
i , e , 31
z ge
z c
t ge eg ge
z c
gg
eg ge
z c
W
2 i
W
i
W
i
1
1
1
s
s g s s
g s
¶ W =
¶ =- + W
»- + W
w
w
w
-
+
+
( ) ( )
( )
( ) ( )
wherewe have assumed that almost all atoms remain in the gñ∣ level.
Let usﬁrst assume awrite control ﬁeldwith Rabi frequencyΩW that begins at t=0. Taking the Laplace
transforms from t wl , weﬁnd
z w
g N
c
z w, i , e , 32z ge z cW
2
i 1s¶ W = w-( ) ( ) ( )
z w
w
z w z t,
1
i , e , 0 . 33ge
eg
z c
geW
i 1s
g
s=
+
W + =w( ) [ ( ) ( )] ( )
Insert equation (33) into equation (32), and use the initial conditionσge(z, t=0)=0 to obtain
z w
g N
c w
z w,
1
, ,z W
eg
W
2
g
¶ W = -
+
W
⎛
⎝⎜
⎞
⎠⎟( ) ( )
yielding
z w z w, e 0, .zW W
g N
c w eg
2 1
W = W =- g+( )( ) ( )
Insert this into equation (33) to obtain
z w
w
z w, ie
1
e 0, .ge z c
eg
w zi
1
W
g N
c
eg1
2
s
g
=
+
W =w g- +
⎡
⎣⎢
⎤
⎦⎥( ) ( ) ( )
¯
After inverting the Laplace transform, we now shift the limits to consider awrite control ﬁeldwith support on
negative times, giving
z t
J
d
L
t t z z t t
, ie e
2 0, d , 34
ge
z c
t
t t
eg
i
0 1 W 1 1
eg1 1òs
g
=
´ - ´ W = ´ ´
w g
-¥
- - ´
⎡
⎣
⎢⎢
⎤
⎦
⎥⎥
( ) ( )
( ) ( ) ( )
( )
where Jn(x) indicates the nth Bessel function of theﬁrst kind.
Thus, with an exponential write control ﬁeld t0, etW W
max WW = W t( ) sent up to t=0, we evaluate the
atomic coherence at t= 0with the help of J Bt te 2 d eAt
A
B A
0 0
1ò =
¥ - -[ ] andﬁnally obtain
z, 0 e e , 35ge z ci 0
z
1 2s q= w -a( ) ( )
where i0 1 eg
max W
W
q = tg t
W
+ and d2 L1
1eg
eg
W
W
a = g tg t+ .
B.3.Write photon emission
After the preparation of atomic coherences, we begin to see spontaneous emission from the eñ∣ level. Alongwith
theﬁeld propagation equation, the relevantHeisenberg–Langevin equations are
c gN z t
g F
i e , ,
i e .
z
z c
se
t es es se w
z c
ee ss se
w
i
i
2
2


s
s g s s s
¶ =
¶ = - - - +
w
w
-¯ ( )
ˆ ¯ ( )
DeﬁningQ N e z c sei 2 s= w-† , wewill consider thewrite emission for short detection times. Using (35)we
thus replaceσee−σsswith itsmean value at position z and t=0 to obtain
c z t g NQ z t
Q z t Q z t g N z t
F z t
, i , ,
, , i e ,
, . 36
z
t es
z
Q
w
0
2
w

g q
¶ =
¶ =- -
+
a-
( ) ¯ ( )
( ) ( ) ¯ ∣ ∣ ( )
( ) ( )
†
† †
†
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Performingﬁrst the Laplace transform in space (z sl )
s s t z t A Q s t
Q s t Q s t B s t
F s t
, 0, , ,
, , ,
, ,
es
Q
w w
t w
 
g a
- = =
¶ = - + +
+
( ) ( ) ( )
( ) ( ) ( )
( )
†
† †
†
and then in time (t wl ), we get
s s z A Q s
Q s B s F s Q s t
, 0, , ,
,
1
, , , 0 ,
es
Q
w w
w
 

w w w
w
g w
a w w
- = =
=
+
+ + + =
( ) ( ) ( )
( ) ( ) ( ) ( )
†
† † †
where A i g N
c
= ¯ and B g Ni 02q= - ¯ .
Substituting the second line into the ﬁrst, we eliminateQ(s,ω) and are left with a boundary term inQ:
s s z
A
B s
F s Q s t
, 0, ,
, , 0 .
es
Q
  w w
g w
a w
w
- = =
+
+
+ + =
⎛
⎝⎜
⎞
⎠⎟( ) ( ) [ ( )
( ) ( )]† †
The following formula also holds with a shift from s to s+α:
s s z
A
B s F s Q s t
, 0,
2 , , , 0 .
es
Q
w w
w
 

a a w w
g w
a w a w a
+ + - =
=
+
+ + + + + =
⎛
⎝⎜
⎞
⎠⎟
( ) ( ) ( )
[ ( ) ( ) ( )]† †
By substituting s ,w a w+( ) into the previous equationwe canﬁnd s, w( ) in terms of s 2 ,w a w+( ), and
by taking the substitution into the nth stepwe have
s K D n s n
B
K D j F s j
B
K D j Q s j t
K K D j z
, ,
1
1 ,
1
1 , 0
0, ,
n
j
n
j
Q
j
n
j
j
n
j
w w
1
1
1
1
w
 

å
å
å
w w a w
w a w
w a
w w w
= +
+ + -
+ + - ¢ =
+ ¢ =
=
=
-
=
( ) ( ) ( ) ( )
( ) ( ) ( ( ) )
( ) ( ) ( ( ) )
[ ( )] [ ( ) ( )] ( )
†
†
where K AB
es
w = g w+( ) and D n kn s k01 1=  a=- +( ) .
Taking the limit of n l ¥, theﬁrst termdisappears, andwe proceed to perform the inverse transform
s zl .With a shift in the index j D j, 1
j
j1 1 1 e
z
$ + = a
- - a-( )[ ( )] ! and the shifting property of the Laplace
Transform,
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K
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F z z
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K
j
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K
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e , 0 d
e 0, , 37
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z z z j
j z
j
j
z j
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M z z
Q
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M z z
M z
w
0
1
0
0
1
0
0
1
w
0
, e
0
, e
,0
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z
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z
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1
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1



ò
ò
ò
ò
å
å
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w
w
a
w
w
a
w
w
a
w
g w
w
g w
w
= - ´ ´
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=
+
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+
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=
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+
- - ´
- ´
=
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a
g w
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+
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⎞
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⎝⎜
⎞
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( ) ( ) ! ( )
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where M z z, 1 eAB z z¢ ´ = -a
a- ¢- ´( ) [ ]( ) .
13
New J. Phys. 20 (2018) 123018 MHo et al
Finally, noting that
At I At I At
A
t
I At t
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e e 2 2 ,
e e 2 ,
es
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es es
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es es
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we get
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B.4.Number ofwrite photons
Computing the photon ﬂux requires the commutation relations forQ and a 2-point noise correlation function
involving FQ. In a short timewindow τd whereσee−σss is not changing, andwith the Einstein relations (see Ch
15.5 of [23]), the Langevin equations for systemoperators can bewritten
A D t F t . 39= +m m m˙ ( ) ( ) ( )
The correspondingmemoryless noise correlations for operatorsμ and ν are such that
F t F t D t t2 , 40dá ¢ ´ ñ = á ñ ¢ - ´m n mn( ) ( ) ( ) ( )
where
D A D D A
t
A A2
d
d
. 41á ñ = -á ñ - á ñ + á ñmn m n m n m n ( )
Thus, identifying terms in equation (36)with terms in equation (39), wemake use of
Q z t Q z t N z t z t
L z z
, , , , , ,
e , 42
s se
z
e
0
2
s s
d q
¢ = ¢
= - ¢ a- ¢
[ ( ) ( )] [ ( ) ( )]
( ) ∣ ∣ ( )
†
thenwemake use of the fact that Q z t Q z t, ,á ¢ ñ( ) ( )† right after our preparation of atomic coherences is zero,
giving Q z t Q z t L z z, , e z0 2d qá ¢ ñ = - ¢ a- ¢( ) ( ) ( )∣ ∣† .
Then one obtains
D L z z2 2 e , 43Q Q es z, 0 2g q dá ñ = - ¢a-∣ ∣ ( ) ( )†
yielding
F z t F z t L z z t t, , 2 e , 44Q Q es
z
0
2g q d dá ¢ ¢ ñ = - ¢ - ¢a-( ) ( ) ∣ ∣ ( ) ( ) ( )†
validwhenσee−σss is not changing.
This yields a photonﬂux of
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L
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For sufﬁciently short detection times d
1
2 es
t g , the noise contribution (second term) can be ignored, and
furthermorewhen the photon number ismuch smaller than 1 g N
cd 0
2 1 e
1L2
t q a
- -a- { }( )( ∣ ∣ )¯ we can consider
just the leading term in the series expansion, and observe a constant ﬂux
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We therefore obtain a photon number of g N
c 0
2 1 e
d
L2
q ta
- a-∣ ∣¯ within this short detectionwindow. This is
precisely the excited atom fractionmultiplied by d es dg t¯ , since the fraction of atoms that were excited after the
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B.5.Number of prepared spins
We start with the description of the spin operator from equation (30), by deﬁning S N egs z ci 1 2s= w w- -( ) and
replacingσeg(z, t) by itsmean value e ez z c0 2 i 1*q a w- -
S z t F z t g N z t
g N z t
, , i e ,
i , e .
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Take the Laplace transform from t wl to see
S z S z t F z C z z, , 0 , , ,S w0 w g w w w+ - = - =( ) ( ) ( ) ( ) ( ) ( )† † †
where C z g Ni e z0
2*q= - a-( ) ¯ . Thenwe have
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where theﬁeld expression  from the previous subsection is required. Ignoring terms that do not showup in the
normal ordered S Sá ñ† , we have
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Computing S Sá ñ† requires the commutator z t z t L z z c t t, , ,w w  d¢ ¢ = - ¢ - - ¢[ ( ) ( )] [ ( )]† and yields 4 terms.
In the short timewindowwhere one can ignore the atomic dephasing ,d
1
2
1
2 es0
t g g( ), and alsowhere the
photon number ismuch smaller than 1 g N
cd 0
2 1 e
1L2
t q a
- -a-⎜ ⎟
⎛
⎝
⎞
⎠{ }( )∣ ∣¯ , only one termdominates (the term
independent ofH2). The number of spins is then equivalent to the photon number
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AppendixC. Phasematching
By assuming the retrieval process to perform retrieval from the exact same spinwave function S(z, t) that has
been created by thewrite pulse, we have assumed the degeneracy of the twometastable states gñ∣ and sñ∣ . In
general, themetastable states could have different energies whichwould lead to a read process from
S z t, e z c2i sew w-( ) ( ) . However, this effect is negligible in the regime 1e s Lcw w- ∣ ∣ .
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AppendixD. Second order coherence
D.1.Multi-pair two-mode squeezing
To ensure that a single photon source is singlemode in all degrees of freedom, onewould have to verify that the
outgoing emission is not produced in a combination ofmodes. In the system that we consider, one cause for
multi-mode emission aremultiple twomode squeezing processes occurring during the initial write process.
Thereafter, the subsequent retrieval process yields a read photon inmore than onemode.Here, we include a
short section to explain how the unconditional autocorrelationmeasurement (g(2)(0)) scales with the number of
drivenmode pairs [20], and this allows one to verify that no higher-number twomode squeezing processes have
occured.
Let usﬁrst consider the state created byK vacuum squeezing processes
p1 e e , 49K p a b p a bmulti m
K
m m n
K
n n1 1r = - WñáWå å= =⎡⎣ ⎤⎦( ) ∣ ∣ ( )† †
where Wñ∣ indicates the vacuum in allmodes. Now consider a detector that sees all theKmodes, giving a number
operator of the form
N a a . 50K
c
K
c c
1
å=
=
ˆ ( )†
This yields
a a a a
p
p
K KTr
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, 51
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c d c d
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giving the unconditional autocorrelation of the amodes
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which leads us to check if our photonﬁeld is indeed consistent with that coming from a single-pair two-mode
squeezing process.
We thus compute the unconditional autocorrelation function of the read photon ﬁeld at time t
g
t t t t
t t
0, 0, 0, 0,
0, 0,
,r r r r
r r
read
2
2
   
 
= á ñ
á ñ
( ) ( ) ( ) ( )
( ) ( )
† †
†
In the regimewe consider, wherewe have a short detection time and a fast readout, developing the numerator of
the g(2) function leads to the term
t t t t
t t t
L
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t t t
L
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t t t t
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t t t t
0, 0, 0, 0,
0, 0, 0, 0,
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which yields
g
t t
t t
2 0, 0,
0, 0,
2r r
r r
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2
 
 
= á ñ
á ñ
=( ) ( )( ) ( )
†
†
as it should, sincewe assume amono-mode emission (K=1). Herewe have used equation (25) and the leading
termof equation (48).
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Atomic Ensembles for Quantum Repeaters
44
CHAPTER 2
OPTOMECHANICAL DEVICES FOR QUANTUM
REPEATERS
In the original DLCZ architecture for quantum repeaters, atomic ensembles are
used as quantum memories, where delocalised single atomic excitations can be
heralded and then read out. We presented a way to control the waveforms of the
retrieved photons in the previous chapter so that quantum repeaters can be imple-
mented with heterogenous resources. However, the central frequency response of
atomic ensembles remain largely fixed by the energy level properties of the chosen
atomic species. In contrast, one can use different kinds of nodes, and engineer
the design of photonic crystals [40, 41] or mechanical resonators [42, 43] instead,
so that they can efficiently couple to light while tailoring their central frequency
with great flexibility. One can thus envision optomechanical devices being used in
future quantum repeaters, as long as they are also capable of first creating cor-
related excitations between the resonator and a first photon mode, followed by a
retrieval process converting the excitation into a second photon mode.
One can first consider a mechanical oscillator in a cavity, operating within
the resolved sideband regime and weak coupling limit. Sending a blue-detuned
laser pulse into the resonator results in a two-mode squeezing interaction, creat-
ing correlated excitations between the resonator and a first emitted photon mode.
A subsequent red-detuned laser pulse results in a beamsplitter-type interaction,
performing a state transfer from the resonator mode to a second emitted photon
mode. Quantum correlations that are detected between the two photonic modes
are a sign of optomechanical entanglement, meaning correlations between the first
photons and the mechanical phonons. In fact, it is possible for these photonic
45
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correlations to yield a Bell inequality violation with displacement-aided photon
counting measurements, but such a violation requires stringent global detection
efficiencies and a manageable number of excitations in the resonator for the detec-
tion of nonlocality and hence the conclusion of optomechanical entanglement [44].
If, however, one is able to guarantee a detailed description of the measurement
devices, one can form an entanglement witness instead. This requires assumptions
at the level of the measurements, but can lead to less severe requirements on the
global detection efficiency.
In order to verify that a chosen optomechanical oscillator is a capable quantum
memory producing two-mode squeezed states with a controllable delay, we design
an entanglement witness with displacement-aided photon counting measurements,
tailored for two-mode squeezed photonic states [45]. Let us point out that this
witness does not require any prior knowlege of the state to be assessed, or any
assumptions on the dimensionality of the Hilbert space in which it resides. We
find that the witness detects entanglement for low efficiencies, and is robust to
initial thermal excitations in the resonator. Since the setup we consider is the
same as that of [44], a successful witness of entanglement with our proposal also
represents an initial step towards a fully device-independent characterisation of
optomechanical entanglement using a Bell test.
46
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Paper C
Witnessing optomechanical entanglement
with photon counting
Melvyn Ho, Enky Oudot, Jean-Daniel Bancal and Nicolas Sangouard
Physical Review Letters 121, 023602 (2018)
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 Witnessing Optomechanical Entanglement with Photon Counting
Melvyn Ho, Enky Oudot, Jean-Daniel Bancal, and Nicolas Sangouard
Quantum Optics Theory Group, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland
(Received 8 April 2018; published 11 July 2018)
The ability to coherently control mechanical systems with optical fields has made great strides over the
past decade, and now includes the use of photon counting techniques to detect the nonclassical nature of
mechanical states. These techniques may soon be used to perform an optomechanical Bell test, hence
highlighting the potential of cavity optomechanics for device-independent quantum information process-
ing. Here, we propose a witness which reveals optomechanical entanglement without any constraint on the
global detection efficiencies in a setup allowing one to test a Bell inequality. While our witness relies on a
well-defined description and correct experimental calibration of the measurements, it does not need a
detailed knowledge of the functioning of the optomechanical system. A feasibility study including
dominant sources of noise and loss shows that it can readily be used to reveal optomechanical entanglement
in present-day experiments with photonic crystal nanobeam resonators.
DOI: 10.1103/PhysRevLett.121.023602
Introduction.—Bell tests have initially been proposed to
show that correlations between the results of measurements
performed on two separated systems cannot be reproduced
by classical strategies [1]. They have been used to show the
limit of classical physics as a complete description of small
systems involving two atoms [2,3] or two photons [4,5].
This naturally raises the question of a Bell inequality
violation with larger systems. Concrete proposals have
been made recently along this line to realise Bell tests with
cavity opto- and electromechanical systems [6–8].
Cavity optomechanics is at the core of intense research
where the cavity field is used to control the motion of a
mechanical system via radiation pressure. While initial
efforts have focused on the cooling of mechanical oscil-
lators down to the ground state [9–11], impressive results
including the detection of electro- [12] and optomechanical
[13,14] nonclassical correlations and entanglement
between two mechanical systems [15,16] are now sug-
gesting that cavity optomechanics could serve as a building
block of future quantum networks [17] for the processing
and storage of quantum information [18,19]. If one is to
show that cavity optomechanics can form the cornerstone
of future quantum networks, it is crucial to prove that it is
qualified for all possible uses of such networks. This means
that the qualification must be device independent [20], that
is, it cannot rely on a physical description of the actual
implementation. A particular model using seemingly harm-
less assumptions, on the underlying Hilbert space dimen-
sion for instance, can completely corrupt the security
guarantees that are offered by quantum networks for secure
communications over long distances [21,22]. Device-
independent schemes have been derived to certify all the
building blocks of quantum networks that can be used to
create, store, or process quantum information [23]. They
could be directly implemented from the Bell tests proposed
in Refs. [6,7]. Optomechanical Bell tests are thus not only
of fundamental interest but are resources to certify the
usefulness of optomechanical systems for long distance
quantum communication with device-independent security
guarantees.
The violation of a Bell inequality as proposed in
Refs. [6–8] is, however, not trivial. Reference [6] uses a
cavity optomechanical system in the resolved sideband
regime where the mechanical frequency is larger than the
cavity decay rate. Once cooled, the mechanical system is
excited by laser light resonant with the blue sideband; see
Fig. 1. Photons of the laser can decay into phonon-photon
pairs, the photon being resonant with the cavity frequency
and the phonon corresponding to a single excitation of the
vibrational mode of the mechanical system. Energy con-
servation ensures that for each phononic excitation of the
mechanical state, the cavity mode gets populated with a
photonic excitation. These quantum correlations between
phonon and photon numbers are strong enough to violate a
Bell inequality [6,7]. The way to show this consists first in
mapping the phononic excitations to cavity photons using
laser light driving the red optomechanical sideband. This
leads to a two-mode photonic state, where each mode can
subsequently be detected with photon counting techniques
preceded by displacement operations in phase space. By
changing the amplitude and phase of the local displace-
ments, the Bell-Clauser-Horne-Shimony-Holt (Bell-
CHSH) [24] inequality can be violated as long as the
global detection efficiency is higher than 67%. While
several experiments have been realized combining cavity
optomechanics in the revolved-sideband regime and photon
counting [13–15,25], the requirement on the efficiency
remains very challenging to meet.
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Here we propose the first step of an entire research
program aiming to violate a Bell inequality with optome-
chanical systems, that is, we propose a witness for revealing
optomechanical entanglement in the same scenario. In
opposition to Bell tests (see Ref. [26], Sec. A), our witness
is not device independent but assumes a detailed descrip-
tion and correct experimental calibration of measurements.
Additional measurements are also taken locally to get
information about the photon number distribution. This
allows us to relax the requirement on the detection
efficiency, even without any assumptions about the mea-
sured state. A feasibility study shows that our witness can
readily be used to reveal optomechanical entanglement in
present-day experiments with photonic crystal nanobeam
resonators.
Temporal evolution of the cavity field and mechanical
system.—Let us recall the physics of optomechanical
systems in the resolved sideband and weak coupling
regime, which has been presented, at least partially, in
various Refs. [6,19,29–31]. We consider the optical and
mechanical modes of an optomechanical cavity with
frequencies ωc andΩm, respectively. The bosonic operators
associated to the optical mode are called a and a† while we
use b and b† for the mechanical mode. g0 denotes the bare
optomechanical coupling rate, κ and γ the cavity and
mechanical decay rates. The cavity optomechanical system
is laser driven on the lower or upper mechanical sideband
with corresponding frequencies ω ¼ ωc  Ωm. The laser
powers are labeled P, respectively. The full Hamiltonian
includes the uncoupled cavity and mechanical systems
H0 ¼ ℏωca†aþ ℏΩmb†b, the optomechanical coupling
−ℏg0a†aðb† þ bÞ, and the coupling between the cavity
mode and the driving laser ℏðseiωtaþ se−iωta†Þ with
jsj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
κP=ℏω
p
. In the interaction picture with respect
to H0 and focusing on the weak coupling g0 ≪ κ and
resolved-sideband κ ≪ Ωm regimes, the temporal evolution
is given by a set of effective Langevin equations [19]
da
dt
¼ i
ℏ
½H; a −
κ
2
aþ ﬃﬃκp ain; dbdt ¼
i
ℏ
½H; b; ð1Þ
with Hþ ¼ −ℏg0 ﬃﬃﬃﬃﬃﬃnþp ða†b† þ H:c:Þ and H− ¼
−ℏg0
ﬃﬃﬃﬃﬃ
n−
p ða†b þ H:c:Þ for a blue and red detuned driving
laser, respectively. n ¼ ðjsj2Þ=ðΩ2m þ κ2=4Þ is the intra-
cavity photon number. ain is the noise entering the cavity.
The mechanical decay and corresponding thermal noise are
neglected, that is, we focus on timescales smaller than the
thermal decoherence time of the mechanical system
ðℏΩm=kBTbathγÞ, where kBTbath is the Boltzmann energy.
Phonon-photon correlations in the resolved sideband
regime.—Let us first focus on the initial step where a laser
drives the upper sideband. We use the subscript 1 for the
cavity field operators corresponding to this initial step. We
proceed with an adiabatic elimination of the cavity mode
ðda1=dtÞ ¼ 0 that is, we consider a temporal evolution
which is long compared to κ−1. Together with the input and
ouput relation, that is, a1;out ¼ −a1;in þ
ﬃﬃ
κ
p
a1, we get
a1;out¼a1;inþ i
ﬃﬃﬃﬃﬃﬃﬃﬃ
2g˜þ
p
b†;
db1
dt
¼ g˜þbþ i
ﬃﬃﬃﬃﬃﬃﬃﬃ
2g˜þ
p
a†1;in; ð2Þ
where g˜þ ¼ ð2g20nþ=κÞ. Integrating the previous equations
and introducing the temporal modes A1;ðin=outÞðtÞ ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2g˜þ= 1 ∓ e∓2g˜þtÞ
p R
t
0 dt
0e∓g˜þt0a1;ðin=outÞðt0Þ [29] leads
to A1;outðtÞ ¼ eg˜þtA1;inðtÞ þ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2g˜þt − 1
p
b†ð0Þ,
bðtÞ ¼ eg˜þtbð0Þ þ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2g˜þt − 1
p
A†1;inðtÞ. These two solutions
can be written as A1;outðtÞ ¼ U†1ðtÞA1;inU1ðtÞ and bðtÞ ¼
U†1ðtÞbð0ÞU1ðtÞ where the propagator U1ðtÞ is given by
U1ðtÞ ¼ ei
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−e−2g˜þt
p
A†
1;inb
†
e−g˜þtðA
†
1;inA1;inþb†bþ1Þei
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−e−2g˜þt
p
A1;inb:
ð3Þ
When U1ðtÞ is applied on the vacuum, phonon-photon
pairs are created where the phonon number equals the
photon number, each of them following a thermal distri-
bution with mean excitation number e2g˜þt − 1. These
correlations between the phonon and photon numbers
are strong enough to violate a Bell inequality, cf. below.
Phonon-photon correlations as the basis for a Bell
inequality violation.—Consider the case where a laser
drives the lower sideband. We use the subscript 2 for the
cavity field operators corresponding to this second step.
FIG. 1. A cavity optomechanical system is made with a cavity
with frequency ωc and a mechanical oscillator with frequency
Ωm. κ, and γ are the cavity and mechanical decay rates,
respectively. We consider the resolved sideband regime where
Ωm ≫ κ. Starting with a cooled mechanical system, the cavity
optomechanical system is first driven by a laser resonant with the
blue sideband. Photon-phonon pairs are created by means of an
effective squeezing operation a†1b
† þ H:c:, the bosonic operators
a1 and b corresponding to the cavity photons and mechanical
phonons. The quantum nature of the correlations between the
cavity photon number and the phonon number can be revealed by
applying a laser resonant with the red sideband. This effectively
maps the phononic state to a photonic state through a beam
splitter interaction a†2bþ H:c: The resulting photonic state
involving two temporal modes a1 and a2 is detected with a
photon detector supplemented with a displacement operation in
phase space.
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Following the line of thought developed in the previous
paragraph while introducing g˜− ¼ ð2g20n−=κÞ, we can show
that the cavity field and photon operators evolve according
to the propagator [6,19]
U2ðtÞ ¼ ei
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2g˜−t−1
p
A2;inb†e−g˜−tðA
†
2;inA2;in−b
†bÞei
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
e2g˜−t−1
p
A†
2;inb: ð4Þ
This corresponds to a beam splitter-type evolution, per-
forming a conversion between the phononic and photonic
modes with probability 1 − e−2g˜−t. In the limit g˜−t → ∞,
the phononic mode is perfectly mapped to the photonic
mode A2;out and the phonon-photon correlations created in
the first step are mapped to two temporal photonic modes
A1;out and A2;out. If both the cavity and mechanical system
are in the vacuum before the laser drive, these two photonic
temporal modes are described by a vacuum squeezed state
U2ðtÞg˜−t→∞U1ðT1Þj0i ¼ e−g˜þT1e−
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−e−2g˜þT1
p
A†
1;outA
†
2;out j00i.
References [32–34] have shown that such a state violates
the Bell-CHSH inequality when it is measured with photon
detection preceded by a displacement operation in phase
space, the phase and amplitude being used to change the
measurement setting. Reference [6] showed that a mini-
mum detection efficiency of ∼67% is necessary to observe
a violation of the Bell-CHSH inequality. This minimum
detection efficiency even increases if the mechanical
system is not in its ground state initially [6]. These
efficiencies include all the loss from the cavity to the
detector and are thus challenging to obtain in practice. We
show in the following sections a way around this require-
ment which consists in replacing the Bell-CHSH inequality
by a witness inequality, which assumes a physical descrip-
tion and correct experimental calibration of the measure-
ment devices.
Photon counting preceded by a displacement
operation.—We focus on the setup described before, with
which a Bell inequality is tested using photon detections
preceded by a displacement operation DðαÞ. Before pre-
senting our entanglement witness, we first comment on
such a measurement. We consider the realistic case where
the photon detector does not resolve the photon number,
that is, only two measurement results can be produced
at each run. The first result corresponds to “no-detection”
and is modelled by a projection on the vacuum j0ih0j.
The second possible result is a conclusive detection
corresponding to the projection into the orthogonal sub-
space, that is, 1 − j0ih0j. If we attribute the outcome þ1 to
a no-detection and −1 to a conclusive detection, the
observable including the displacement operation is given
by σα ¼ DðαÞ†ð2j0ih0j − 1ÞDðαÞ. In the qubit subspace
fj0i; j1ig, σ0 corresponds exactly to the Pauli matrix σz,
that is, the outcome þ1 ð−1Þ is associated to a projection
into the state j0i ðj1iÞ. When α increases, the positive-
operator valued measure (POVM) elements associated to
outcomes 1 get closer to projections in the x-y plane of
the Bloch sphere having j0i and j1i as north and south
poles, respectively [35]. For α ¼ 1, these POVM elements
are projections along nonunit vectors pointing in the x
direction, while for α ¼ i, they are noisy projections along
the y direction. This means that photon detection supple-
mented by a displacement operation performs noisy mea-
surements in the qubit space fj0i; j1ig whose direction in
the Bloch sphere can be chosen by controlling the ampli-
tude and phase of the displacement.
Witnessing phonon-photon correlations in a qubit
subspace.—In order to clarify on how to witness entangle-
ment in two-mode squeezed vacuum using local observ-
ables σα, we consider the state projection in the qubit
subspace 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ jϵj2
p
ðj00i þ ϵj11iÞ. The sum of relevant
coherence terms j00ih11jþj11ih00j can be measured using
the ideal observable Mideal¼ð1=2πÞ
R ðcosφσxþsinφσyÞ⊗
ðcosφσx−sinφσyÞdφ. Since separable states are (i) non-
negative states and (ii) they stay non-negative under partial
transposition [36,37], these coherence terms are upper
bounded by 2minf ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpð0; 0Þpð1; 1Þp ; ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpð0; 1Þpð1; 0Þp g
for two-qubit separable states. pði; jÞ is the proba-
bility for having i photons in mode A1 and j pho-
tons in A2. Any state ρ such that TrðMidealρÞ>
2minf ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpð0;0Þpð1;1Þp ; ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃpð0;1Þpð1;0Þp g is thus entangled.
Since pð0;1Þ¼pð1;0Þ¼0 and TrðMidealρÞ¼2ReðϵÞ=ð1þ
jϵj2Þ for a state of the form 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ jϵj2
p
ðj00i þ ϵj11iÞ, the
witness observable Mideal has the potential to detect
entanglement in two-mode squeezed vacuum, in the exper-
imentally relevant regime where the squeezing is small
2g˜þT1 ≪ 1, that is, when the two-mode squeezed vacuum
is well approximated by its projection in the qubit sub-
space. This suggests that a relevant witness observable for
our purpose is
Mðα; βÞ ¼
Z
2π
0
dϕ
2π
U†ϕðσα ⊗ σβÞUϕ; ð5Þ
where the unitary Uϕ ¼ eiϕA
†
1
A1 ⊗ e−iϕA
†
2
A2 is used to
randomize the phase of displacements through the averag-
ing over ϕ. Note that in Eq. (5), the amplitude of displace-
ments is a free parameter. Further note that we are
interested in revealing entanglement at the level of the
detection. The nonunit efficiency of the detector can be
TABLE I. The witness observable here proposed is Mðα; βÞ
(see Eq. (5). The maximum value it takes on separable states
is bounded by S⋆ðα; βÞ (see [26] Eq. (9)), that is,
maxρsepTrðMðα; βÞρsepÞ ≤ S⋆ðα; βÞ. The observed value in an
actual experiment is Q. Q − S⋆ ≤ 0 thus holds for all separable
state and a violation of this inequality certifies entanglement.
Witness
observable
Maximum value for
separable states
Observed
value
Witness
Inequality
Mðα; βÞ ≤ S⋆ðα; βÞ Qðα; βÞ Q − S⋆ ≤ 0
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seen as a loss operating on the state; i.e., the beam splitter
modeling the detector inefficiency acts before the displace-
ment operation whose amplitude is changed accordingly;
see Ref. [26] Sec. B. This allows us to derive a witness
observable with unit efficiency detection and to include the
detector efficiency at the end; see Ref. [26] Sec. C.
Witnessing phonon-photon correlations without
dimensionality restriction.—Using the property that sepa-
rable states stay positive under partial transposition, we show
inRef. [26] Sec. C that themaximummeanvalueMðα; βÞ can
take if the measured state is separable is such that
max
ρsep
½Mðα; βÞρsep ≤ S⋆ðα; βÞ; ð6Þ
where S⋆ðα; βÞ depends on some joint probabilities pði; jÞ
for having i photons in mode A1 and j photons in A2 and
the marginal probabilities pðnA1 ≥ 2Þ and pðnA2 ≥ 2Þ to
have strictly more than one photon in mode A1 and A2,
respectively. These probabilities are bounded in two steps
in practice. In the first step, the probability Pð1 1j00Þ
and Pð1 ∓ 1Þj00Þ of having 1 for the outcomes of the
detection of mode A1 and A2 without displacement
(α ¼ β ¼ 0) are measured. They provide the following
upper bounds pð0; 0Þ ≤ Pðþ1þ 1j0; 0Þ, pð0; 1Þ ≤
Pðþ1 − 1j0; 0Þ, pð1; 0Þ ≤ Pð−1þ 1j0; 0Þ and pð1; 1Þ ≤
Pð−1 − 1j0; 0Þ. Second, two detectors after a 50=50 beam
splitter are used to measure the probability to get a twofold
coincidence PcðA1=2Þ after the beam splitter for both mode
A1 and A2. These coincidence probabilities provide the
upper bounds on the missing elements, that is, pð2; 1Þ ≤
pðnA1 ≥ 2Þ ≤ 2PcðA1Þ and pð1; 2Þ ≤ pðnA2 ≥ 2Þ ≤
2PcðA2Þ. This results in a bound S⋆ðα; βÞ whose value
depends on the local displacement amplitudes α and β.
Finally, the mean value Qðα; βÞ of Mðα; βÞ is measured by
evaluating Pðþ1þ 1jα; βÞ, Pðþ1jαÞ and Pðþ1jβÞ, that is
Qðα; βÞ ¼ 1 − 2Pðþ1jαÞ − 2Pðþ1jβÞ þ 4Pðþ1þ 1jα; βÞ:
ð7Þ
If there is a value for the couple α, β such that Qðα; βÞ−
S⋆ðα; βÞ > 0, we deduce that the photonic modes A1 and A2
are entangled. Since the state describing A2 is obtained
from a local operation on the phononic state, Qðα; βÞ −
S⋆ðα; βÞ > 0 also certifies photon-phonon entanglement.
See Table I for a clarification of the quantities involved.
Results.—We focus on the statistics that would be
collected in modes A1 and A2 if the upper sideband is
laser driven during the time interval T1 and the lower
sideband is subsequently driven for a duration T2. The
value Q − S⋆ that would be obtained in this case when
optimizing the arguments of local displacements α, β and
the amount of initial squeezing g¯þT1 is shown in Fig. 2 as a
function of the phonon-photon conversion efficiency T ¼
1 − e−2g¯−T2 for various overall detection efficiency η; see
Ref. [26], Sec. D for more details. Figure 2 shows a very
favorable robustness of our witness to inefficiencies. We
stress that the efficiency η represents the global detection
efficiency, including all the loss from the cavity optome-
chanical system to the detector (except the phonon-photon
conversion efficiency for mode A2 specified by T). We here
assumed that the mechanical system is prepared in its
ground state. In the more realistic case where the initial
mechanical cooling leads to a mechanical thermal state with
nonzero mean occupation number n0, the results presented
in Fig. 2 for η ¼ 0.3, for example, are essentially
unchanged as long as n0 ≤ 0.1 and substantial differences
between Q and S⋆ can still be observed for n0 ∼ 1; see
Ref. [26], Sec. D. Note that in case where the marginal
probabilities pðnA1 ≥ 2Þ and pðnA2 ≥ 2Þ are negligible, the
observed quantum correlations are ultimately limited by
single phonon coherence time, which could be upper
bounded by recording Q − S⋆ for various delays between
the pulses resonant with the upper and lower sidebands.
Feasibility study.—To illustrate the feasibility, we focus
on a photonic crystal nanobeam resonator [11,38,39] which
distinguishes itself by a high mechanical frequency
Ωm=2π ¼ 5.25 GHz [14]. Together with the cavity decay
rate κ=2π ¼ 846 MHz [14] and the optomechanical cou-
pling rate g0=2π ¼ 869 kHz [14], this resonator is placed in
the deep resolved sideband and weak coupling regimes. To
control the initial number of excitations, we consider the
use of a dilution refrigerator, which can bring the mean
phonon number down to n0 ∼ 0.2. Furthermore, to prevent
decoherence of the phonon state we also consider pulse
durations much smaller than the typical decoherence time
of the oscillator, which is of the order of 10 μs [38,40].
Considering a global detection efficiency η ¼ 10%, an
initial mean phonon number of n0 ¼ 0.2 and state-swap
FIG. 2. Difference Q − S⋆ between the mean value of our
witness observable Mðα; βÞ that would be observed between the
optical modes A1 and A2 and the maximum value that would be
obtained with a separable state as a function of the phonon-
photon conversion efficiency T ¼ 1 − e−2g¯−T2 for various overall
detection efficiencies η, optimized over displacement choices α, β
and the amount of initial squeezing g¯þT1 which is kept small.
Q − S⋆ > 0 witnesses entanglement.
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efficiency of T ¼ 30% which can be realized using a pulse
laser resonant with the red sideband with a duration of T2 ¼
50 ns and intracavity photon number n− ≈ 318, we expect
to conclude about the presence of entanglement (violation
of the inequality Q − S⋆ ≤ 0 by 3 standard deviations)
within 750 000 experimental runs, see Ref. [26], Sec. E.
This involves the creation of a phonon-photon state using a
blue-detuned pulse of duration T1 ¼ 50 ns and nþ ≈ 298,
and the choice of displacement amplitudes α ¼ −β ¼ 2.63.
Given the experiments reported in Refs. [14,15], we
conclude that our scheme appears feasible with currently
available technologies.
Conclusion.—We have presented a witness tailored for
the detection of optomechanical entanglement using pho-
ton countings. Our proposal is based on the measurement of
single and twofold coincidence counts. It requires basic
phase stabilizations and is robust to loss, see Ref. [26],
Sec. F. This makes us confident that it can be used in
present day experiments with photonic crystal nanobeam
resonators to show directly optomechanical entanglement.
Following Ref. [7], it also applies straightforwardly to
electromechanical systems where it could be used to
demonstrate electromechanical entanglement with non-
Gaussian resources. Beyond opto- and electromechanics,
our witness could find applications in nanophotonics to
measure the coherence time of single phonons in any
Raman-active vibrational modes using two-color pump-
probe Raman scattering measurements [41]. It could also
be used to detect atom-photon entanglement directly in
spontaneous Raman protocols, e.g., to certify the proper
functioning of photon pair sources relevant for long-
distance quantum communications [42,43].
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A-BELL TESTS AND DEVICE-INDEPENDENT
APPROACHES TO QUANTUM INFORMATION
The purpose of this first section is to clarify on
Bell tests and on the meaning of device-independent
approaches to quantum information. For simplicity,
let us consider the simplest Bell test with two parties,
each having a measurement device with two possible
questions and two possible results for each question. At
each run, each partie receives a particle. He/she chooses
a question and records the result. The experiment
is then repeated so that the parties can estimate the
probability distribution of results given the questions.
In practice, the questions correspond to measurement
settings and the results to clicks on detectors. But
there is no need to know the internal functioning of the
particle source and measurement devices. No physical
model of these devices is needed. A Bell inequality
is simply an inequality that is satisfied by probability
distributions coming from a local causal theory such
as classical theory. A violation of such an inequality
thus shows the limit of classical physics as complete
description of the physical reality. A loophole-free Bell
inequality violation has been reported in experiments
with two photons or two atoms and proposals have
been made for a loophole-free Bell test with mechanical
devices, see e.g. [1].
Within the quantum framework, i.e. if one assumes
that the source and the measurements admit a quantum
description, a Bell inequality violation witnesses non-
separability, that is, the measured particles are described
by a non-separable state. In particular, a Bell inequality
witnesses a strong form of non-separability that is called
Bell correlation [2]. Interestingly, the conclusion about
the presence of non-classical correlations between the
measured particles hold independently of the details
and imperfections of the source and measurements. No
assumption is needed about the Hilbert space dimension
or the proper calibration of measurements [3]. This refers
to a device-independent certification of non-separable
states.
Note that a device-independent certification is chal-
lenging as it relies on a proper Bell inequality violation,
without the detection loophole. This is only possible
if the overall detection efficiency is high, typically
∼ 67% for the proposal of Ref. [1]. Here, we propose
a witness for revealing opto-mechanical entanglement
in the same scenario of Ref. [1]. In opposition to a
fully device-independent certification, our witness is
based on a detailed description and correct experimental
calibration of measurements, that is, our witness relies
on photon counting preceded by displacement operation
with well defined amplitudes, c.f. Eq. 5 of the main text.
Together with measurements on the photon numbers in
each mode, this allows us to relax the requirement on
the detection efficiency, even without any assumptions
about the Hilbert space dimension of the measured state.
Our witness is not fully device-independent but can be
seen as a state-independent certification of entanglement.
While the violation of a Bell inequality reveals Bell-
correlations, that is, correlations that are strong enough
to violate a Bell inequality, our witness detect entangle-
ment, which is a weaker form of quantum correlations.
Indeed, there are entangled states which do not violate
a Bell inequality but there is no Bell-correlated state
that is separable [4]. We emphasize, however, that the
same experimental setup can be used to test a Bell
inequality and a violation of the Bell-CHSH inequality
in particular can be observed if the overall detection
efficiency is higher than ∼ 67% hence witnessing Bell
correlations in a fully-device independent way.
Finally, it is worth mentioning that the detailed
experimental descriptions of the optomechanical sys-
tem available in the main text and in the following
sections of the Supplemental Material do not prevent a
state-independent certification of quantum correlations.
They are given to compute the expected values of our
witness observables and to conclude about the feasibility
of our proposal with existing experiments. Once Q
and S? will be measured in an actual experiment,
it will be possible to conclude about the presence of
opto-mechanical entanglement without assumption on
the detailed functioning of the opto-mechanical device
or about the Hilbert space dimension. This corresponds
to a state-independent certification of opto-mechanical
entanglement, that is, a first step towards a fully-device
independent certifications of Bell-correlations between
light and a mechanical system.
2B-MODELLING DETECTORS WITH NON-UNIT
EFFICIENCIES
The proposed entanglement witness relies on measure-
ments that are realized with non-photon resolving detec-
tors preceded by displacement operations in phase space.
As explained in the main text, we assign the outcome
+1 to a no-detection and −1 to a conclusive detection.
Given a state ρ in the mode corresponding to the bosonic
operators A1 and A
†
1, the probability to get the outcome
+1 using a displacement with argument α is given by
P (+1|α) = Tr(D(α)†|0〉〈0|D(α)ρ) . (1)
So far, we assumed that the detector has unit efficiency.
To model the detector inefficiency, a beamsplitter with
transmission η = cos2 θ can be introduced, that is
P (+1|α) = Tr
(
D(α)†U†θ |0¯〉〈0¯|UθD(α)ρ
)
.
with UA1c = e
θ(A†1c−A1c†), the auxiliary mode described
by c and c† being initially empty. The state |0〉 cor-
responds to the projection onto the vacuum for both A1
and c. Commuting the beamsplitter and displacement op-
eration leads to
P (+1|α) = Tr
(
D(
√
ηα)†|0〉〈0|D(√ηα)Uθρ⊗ |0〉〈0|U†θ
)
.
This means that we can model the detection inefficiency
as loss operating on the state that is measured if the am-
plitude of the displacement operation is changed accord-
ingly. Hence, we consider detectors with unit efficiencies
to derive our entanglement witness, and only replace the
displacement amplitudes α→ √ηα, β → √ηβ at the end
to account for the non-unit detection efficiency. Nonethe-
less, the data collected in the proposed experiment can vi-
olate a Bell inequality, hence revealing Bell-correlations,
as soon as the global detection efficiency is higher than
∼ 67%.
C-MAXIMUM VALUE OF THE WITNESS
OBSERVABLE FOR SEPARABLE STATES
Our aim is to bound the value of the witness observable
M(α, β) =
∫ 2pi
0
dφ
2pi
U†φ(σα ⊗ σβ)Uφ (2)
with
Uφ = U
A1
φ ⊗ UA2−φ = eiφA
†
1A1 ⊗ e−iφA†2A2
when applied on separable states. We first use the fact
that the trace is cyclic. Hence, the phase averaging can
be applied on the state, that is
Tr(M(α, β)ρ) = Tr
(∫ 2pi
0
dφ
2pi
(σα ⊗ σβ)UφρU†φ
)
=
∫ 2pi
0
dφ
2pi
Tr
(
(σα ⊗ σβ)UφρU†φ
)
,
where the last equality holds by linearity of the trace.
Next, we recognise that the expectation value can be
obtained from the partial transposed quantities if ρ is
separable, that is, for ρsep = pi
∑
i ρ
i
A1
⊗ ρiA2 , we have
Tr(M(α, β)ρsep) =
∫ 2pi
0
dφ
2pi
∑
i
piTr
(
σTα(U
A1
φ ρ
i
A1U
A1†
φ )
T
)
×Tr
(
σβU
A2
−φρ
i
A2U
A2†
−φ
)
(3)
where T indicates the transpose in the photon number
basis. This can be shown in the following way
Tr
(
(σα ⊗ σβ)UφρsepU†φ
)
= Tr
(
(σα ⊗ σβ)Uφ
∑
i
piρ
i
A2 ⊗ ρiA1U†φ
)
=
∑
i
piTr
(
σαU
A1
φ ρ
i
A1U
A1†
φ
)
Tr
(
σβU
A2
−φρ
i
A2U
A2†
−φ
)
=
∑
i
piTr
(
σTα(U
A1
φ ρ
i
A1U
A1†
φ )
T
)
Tr
(
σβU
A2
−φρ
i
A2U
A2†
−φ
)
.
The previous expression can be further simplified using
the properties of the transpose, that is
Tr
(
(σα ⊗ σβ)UφρsepU†φ
)
=
∑
i
piTr
(
σTα(U
A1†
φ )
T ρi,TA1 (U
A1
φ )
T
)
Tr
(
σβU
A2
−φρ
i
A2U
A2†
−φ
)
=
∑
i
piTr
(
σTαU
A1
−φρ
i,T
A1
UA1†−φ
)
Tr
(
σβU
A2
−φρ
i
A2U
A2†
−φ
)
.
Further note that σTα = D(α
∗)† (2|0〉〈0| − 1)D(α∗) =
σα∗ . Hence,
Tr
(
(σα ⊗ σβ)UφρsepU†φ
)
=
∑
i
piTr
(
σα∗U
A1
−φρ
i,T
A1
UA1†−φ
)
Tr
(
σβU
A2
−φρ
i
A2U
A2†
−φ
)
= Tr
(
(σα∗ ⊗ σβ)(UA1−φ ⊗ UA2−φ)ρsep,TA1 (UA1†−φ ⊗ UA2†−φ )
)
.
Therefore
Tr(M(α, β)ρsep) = Tr
(
(σα∗ ⊗ σβ)ρsep,TA1rand
)
(4)
where
ρ
sep,TA1
rand =
∫ 2pi
0
dφ
2pi
(UA1−φ ⊗ UA2−φ)ρsep,TA1 (UA1†−φ ⊗ UA2†−φ ).
3Interestingly, ρ
sep,TA1
rand has a simple structure due to the
phase randomization. It can be written as
ρ
sep,TA1
rand =

X
X X
X X
X X X
X . . . .
X . . . .
. . . .

(5)
in the basis {|00〉, |01〉, |10〉, |11〉, |02〉, |20〉...}. The check-
marks indicate non-zero terms. The upper block on the
left corresponds to the projection in the qubit subspace
where modes A1 and A2 are filled with at most one pho-
ton each. Similarly, the lower block on the right corre-
sponds to the projection on a subspace where at least
one mode is filled with at least two photons. The anti-
diagonal blocks correspond to coherences between these
two subspaces. Considering the contributions from each
of these blocks separately, we obtain
Tr(M(α, β)ρsep) = Tr
(
(σα∗ ⊗ σβ)ρsep,TA1 ,nA1≤1∩nA2≤1rand
)
+ 2× Re[〈11|(σα∗ ⊗ σβ)|02〉〈02|ρsep,TA1rand |11〉]
+ 2× Re[〈11|(σα∗ ⊗ σβ)|20〉〈20|ρsep,TA1rand |11〉]
+ Tr
(
(σα∗ ⊗ σβ)ρsep,TA1 ,nA1≥2∪nA2≥2rand
)
(6)
where ρ
sep,TA1 ,nA1≤1∩nA2≤1
rand corresponds to the projec-
tion in the qubit subspace and ρ
sep,TA1 ,nA1≥2∪nA2≥2
rand is
the state projection in the subspace with two photons or
more in at least one of the modes.
Eq. (6) allows us to bound the value of the witness
observable in the case where the measured state is
separable. The reasoning is the following: Let p(i, j) be
the probability of having i photons in A1 and j photons
in A2 which is a diagonal element of the measured state
in the Fock basis. If this state is separable, we have
p(i, j) = 〈i, j|ρsep|i, j〉 = 〈i, j|ρsep,TA1rand |i, j〉. Furthermore
|〈i, j + 1|ρsep,TA1rand |i + 1, j〉| = |〈i + 1, j + 1|ρsep|i, j〉| ≤
min{√p(i, j)p(i+ 1, j + 1),√p(i, j + 1)p(i+ 1, j)}
since both ρsep and its partial transpose
are positive. Similarly, we have |〈i +
1, j|ρsep,TA1rand |i, j + 1〉| = |〈i, j|ρsep|i + 1, j + 1〉| ≤
min{√p(i, j)p(i+ 1, j + 1),√p(i+ 1, j)p(i, j + 1)}.
This means that the value of the first term in Eq. (6) is
bounded by
Tr
(
(σα∗ ⊗ σβ)ρsep,TA1 ,nA1≤1∩nA2≤1rand
)
=
1∑
i,j=0
〈ij|σα∗ ⊗ σβ |ij〉p(i, j)
+2× Re[〈01|σα∗ ⊗ σβ |10〉〈00|ρsep|11〉]
≤
1∑
i,j=0
〈ij|σα∗ ⊗ σβ |ij〉p(i, j)
+2|〈01|σα∗ ⊗ σβ |10〉〈00|ρsep|11〉|
=
1∑
i,j=0
〈ij|σα∗ ⊗ σβ |ij〉p(i, j)
+2|〈01|σα∗ ⊗ σβ |10〉||〈00|ρsep|11〉|
≤
1∑
i,j=0
〈ij|σα ⊗ σβ |ij〉p(i, j)
+2|〈01|σα ⊗ σβ |10〉|
×min{
√
p(0, 0)p(1, 1),
√
p(0, 1)p(1, 0)}
where in the last 2 lines, α and β can be considered as
real numbers without loss of generality. Similarly, the
coherences in the second and third terms are bounded
by
2× Re[〈11|σα∗ ⊗ σβ |02〉〈02|ρsep,TA1rand |11〉]
≤ 2|〈11|σα ⊗ σβ |02〉|
×min{
√
p(1, 2)p(0, 1),
√
p(0, 2)p(1, 1)}
and
2× Re[〈11|σα∗ ⊗ σβ |20〉〈20|ρsep,TA1rand |11〉]
≤ 2|〈11|σα ⊗ σβ |20〉|
×min{
√
p(1, 0)p(2, 1),
√
p(2, 0)p(1, 1)}.
As for the last term, we use the fact ρ
sep,TA1
rand is a
physical state, so that its projection into the subspace
where there is at least two photons in at least one
mode is also a physical state with a norm given by
Tr
(
ρ
sep,TA1 ,nA1≥2∪nA2≥2
rand
)
= p(nA1 ≥ 2 ∪ nA2 ≥ 2). The
maximum eigenvalue of the observable (σα∗ ⊗ σβ) being
one, we conclude that
Tr
(
(σα∗ ⊗ σβ)ρsep,TA1 ,nA1≥2∪nA2≥2rand
)
≤ p(nA1 ≥ 2) + p(nA2 ≥ 2). (7)
Hence, a bound on the maximum mean value S?(α, β)
that M(α, β) can take if the measured state is separable
max
ρsep
(Tr(M(α, β)ρsep)) ≤ S?(α, β) (8)
can be obtained by upper bounding some joint proba-
bilities p(i, j) for having i photons in mode A1 and j
4photons in A2 and the marginal probabilities p(nA1 ≥ 2)
and p(nA2 ≥ 2) to have strictly more than one photon
in mode A1 and A2 respectively.
These probabilities can be bounded experimentally in
two steps. In the first step, the probabilities P (±1 ±
1|00) and P (∓1 ∓ 1|00) of having outcomes ±1 for the
measurement of mode A1 and A2 without displacement
(α = β = 0) are determined. They provide the following
upper bounds
p(0, 0) ≤ P (+1 + 1|0, 0), p(0, 1) ≤ P (+1− 1|0, 0),
p(1, 0) ≤ P (−1 + 1|0, 0), p(1, 1) ≤ P (−1− 1|0, 0).
Second, a measurement similar to an autocorrelation
measurement using two detectors after a 50/50 beam-
splitter is used to measure the probability to get a
twofold coincidence Pc(A1/2) after the beamsplitter for
both mode A1 and A2. These coincidence probabilities
provide the upper bounds on the missing elements, that
is,
p(2, 1) ≤ p(nA1 ≥ 2) ≤ 2Pc(A1)
p(1, 2) ≤ p(nA2 ≥ 2) ≤ 2Pc(A2).
Once the detection efficiency is included, one gets the
following upper bound
S?(α, β)
= 〈0|σ√ηα|0〉〈0|σ√ηβ |0〉P (+1 + 1|0, 0)
+ 〈0|σ√ηα|0〉〈1|σ√ηβ |1〉P (+1− 1|0, 0)
+ 〈1|σ√ηα|1〉〈0|σ√ηβ |0〉P (−1 + 1|0, 0)
+ 〈1|σ√ηα|1〉〈1|σ√ηβ |1〉P (−1− 1|0, 0)
+ 2|〈0|σ√ηα|1〉〈1|σ√ηβ |0〉|
×min{
√
P (+1 + 1|0, 0)P (−1− 1|0, 0),√
P (+1− 1|0, 0)P (−1 + 1|0, 0)}
+ 2
√
2|〈1|σ√ηα|0〉〈1|σ√ηβ |2〉|
×min{
√
Pc(A2)P (+1− 1|0, 0),√
Pc(A2)P (−1− 1|0, 0)}
+ 2
√
2|〈1|σ√ηα|2〉〈1|σ√ηβ |0〉|
×min{
√
Pc(A1)P (−1 + 1|0, 0),√
Pc(A1)P (−1− 1|0, 0)}
+ 2Pc(A1) + 2Pc(A2), (9)
where
〈0|σ√ηα|0〉 = −1 + 2e−(
√
ηα)2
〈1|σ√ηα|1〉 = −1 + 2(√ηα)2e−(
√
ηα)2
〈0|σ√ηα|1〉 = −2(√ηα)e−(
√
ηα)2
〈0|σ√ηα|2〉 =
√
2(
√
ηα)2e−(
√
ηα)2
〈1|σ√ηα|2〉 = −
√
2(
√
ηα)3e−(
√
ηα)2
In practice, the separable bound is obtained by inserting
directly the measured probabilities P (±1 ± 1|0, 0),
P (∓1 ± 1|0, 0), Pc(A1) and Pc(A2) into the previous
expression. Note that there is no need to know the
amplitude of the displacement and the detector efficiency
separately as only the knowledge of the product
√
ηα
is needed. This is convenient as α2η can be directly
obtained from the click rate on the detector.
Finally, the mean value Q(α, β) of M(α, β) is mea-
sured. If there is a value for the couple α, β such that
Q(α, β) − S?(α, β) > 0, we deduce that the assumption
on separability does not hold, that is, the photonic
modes A1 and A2 are entangled. Since the state
describing A2 is obtained from a local operation on the
phononic state, Q(α, β) − S?(α, β) > 0 also certifies
entanglement between the photon mode A1 and the
phonon mechanical mode.
D-ESTIMATION OF THE EXPERIMENTAL
VALUE OF THE WITNESS OBSERVABLE
We here estimate the mean value of M(α, β) that can
be obtained in practice, that is, we estimate the value
of Q(α, β) using a realistic model of the proposed ex-
periment. We consider the case where the mechanical
oscillator is not exactly prepared in its ground state at
the beginning of the experiment but has a main thermal
excitation n0. The corresponding state can be written as
a mixture of coherent states |γ〉, that is
ρb =
1
pin0
∫
d2γ e−|γ|
2/n0 |γ〉〈γ|. (10)
We then consider that the blue-detuned excitation is on
during a time interval T1 such that the probability that
at least one photon-phonon pair is created is given by p =
1− e−2g˜+T1 . The red-detuned excitation is then switched
on during a time interval T2 such that the phonon-photon
conversion efficiency is given by T = 1 − e−2g¯−T2 . The
detection efficiency is η for both mode A1 and A2. Fol-
lowing the procedure presented in Ref. [1], we find
5P (+1 + 1|α, β)
=
1− p
1 + n0ηT − p(−1 + η + n0η)(−1 + ηT ) × e
−
[
η|α|2[(1+p(−1+ηT )+n0ηT )]+η|β|2[(1+p(−1+η+n0η))]+η2(αβ+α∗β∗)(1+n0)
√
pT
1+n0ηT−p(−1+η+n0η)(−1+ηT )
]
, (11)
P (+1|α) = (1− p) e
− η|α|2(1−p)
p(η+ηn0−1)+1
p(η + ηn0 − 1) + 1 , (12)
P (+1|β) = (1− p) e
− η|β|2(1−p)
ηT (n0+p)−p+1
ηT (n0 + p)− p+ 1 . (13)
These expressions allows us to deduce the expected mean
value for the witness observable Q(α, β) using
Q(α, β) = 1− 2P (+1|α)− 2P (+1|β) + 4P (+1 + 1|α, β).
This observed value Q(α, β) must then be compared to
the maximum value S?(α, β) for all separable states to as-
sess the presence of entanglement. To estimate S?(α, β),
we still need to estimate the probabilities of coincidence
counts after a 50/50 beamsplitter on each mode. For ex-
ample, sending mode A1 into a 50-50 beamsplitter yields
two output modes a1 and a
′
1 with photon number prob-
abilities
P (na1 = m,na′1 = 0)
=2−m(1− p) [p(1 + n0)η]
m
[1− p(1− η − n0η)]m+1
=P (na1 = 0, na′1 = m),
which then allows us to obtain the probabilities for coin-
cidence counts on mode A1,
Pc(A1) = 1− P (na1 = 0, na′1 = 0)
−
∞∑
m=1
P (na1 = m,na′1 = 0)
−
∞∑
m=1
P (na1 = 0, na′1 = m)
= 1− 1− p
1− p(1− η − n0η)
− 2
[
(1 + n0)(1− p)ηp
(2− p(2− η − ηn0))(1 + p(−1 + η + n0η))
]
.
Similarly for mode A2, the probability for coincidence
counts is given by
Pc(A2)
= 1− 1− p
1− p+ (n0 + p)Tη
− 2
[
(1− p)(n0 + p)Tη
(2 + n0Tη + p(−2 + Tη))(1 + n0Tη + p(−1 + Tη))
]
.
These probabilities allow us to estimate the value of
S?(α, β) from Eq. (9) and thus to deduce Q(α, β) −
S?(α, β). The result is shown in Fig. 2 of the Main Text
as a function of the conversion efficiency T for various
detection efficiency in the case where the mechanical sys-
tem is initially in its ground state n0 = 0. Fig. 1 shows
Q(α, β) − S?(α, β) for various values of initial thermal
excitations in the resonator n0.
FIG. 1. Optimal values of the witness observable Q with re-
spect to the separable bound S? for unit detection efficiency
(η = 1) as a function of the phonon-photon conversion effi-
ciency T = 1 − e−2g¯−T2 for various values of the mechanical
thermal noise n0. The difference Q − S? is optimised over
the displacement amplitudes α, β and the amount of initial
squeezing g¯+T1.
It is important to mention that the same values for
Q − S? are obtained in the case where η corresponds
to the efficiency with which the photons are generated
and transmitted until the displacement operation and
are subsequently detected with unit efficiency detectors,
although with different displacement amplitudes. This
is clear mathematically since the same statistics are ob-
tained with loss operating before or after the displace-
ment operations provided that the displacement ampli-
tude is changed accordingly, c.f. section B. The results
presented in Fig. 2 of the main text can thus be seen as
the expected value of the observable witness with respect
to the separable bound for various overall detection effi-
ciencies, including all the loss from the generation to the
detection of photons.
6E-STATISTICAL ANALYSIS
What we have calculated so far for expected values of
Q − S? are asymptotic values. These values are derived
from probabilities computed using the Born rule, and
are guaranteed to be the observed quantities only in the
situation where the number of experimental runs tends
to infinity.
The number of runs available, however, are limited
in practice. This would lead to a scenario where, due
to statistical fluctuations, an experiment that reveals
Q− S? > 0 in the asymptotic case might not reveal this
entanglement with limited runs. To overcome this, we re-
quire sufficient runs for an estimator Q(α, β)− S?(α, β),
so that its variance will be low as compared to its asymp-
totic value Q(α, β)−S?(α, β). This guarantees that a sig-
nificant violation is likely to be experimentally observed.
Once such a violation is observed, a similar calculation
could be made to guarantee that the observed statistics
are not compatible with an entangled state, i.e. bounding
the possible p-value.
We now present how we form an appropriate estimator
for our witness. As an initial example, an event with
probability P (m) can be estimated with N runs, using a
sample estimator P (m)
P (m) =
1
N
N∑
i
xi , xi
 +1 if the i-th run shows ‘m’0 otherwise ,
This is a consistent estimator, as the expectation value
of the sample gives the quantity to be estimated
E
(
P (m)
)
= E
( 1
N
N∑
i
xi
)
=
1
N
N∑
i
E(xi)
= P (m). (14)
The variance of the sample estimator with N runs can
be found to scale with 1N , since noting that x
2
i = xi, we
have
E
(
[P (m)]2
)
= E
( 1
N2
N∑
i,j
xixj
)
=
1
N2
E
(∑
i=j
xixj +
∑
i 6=j
xixj
)
=
1
N2
[∑
i=j
E(xixj) +
∑
i6=j
E(xixj)
]
=
1
N2
[ N∑
i
E(x2i ) +
N∑
i
E(xi)
∑
j 6=i
E(xj)
]
=
1
N2
[
NP (m) +N(N − 1)P (m)2
]
, (15)
and we compute
Var
(
P (m)
)
= E
([
P (m)
]2)
− E
(
P (m)
)2
=
1
N
P (m)
[
1− P (m)], (16)
allowing us to assess the variance of P (m) as a function
of the probability P (m) and the number of runs. If the
variance of the sample estimator is small using N runs,
one can be confident that in those N runs the sample
estimator gives a value close to its expectation value.
Let us now move on to more complicated combina-
tions of estimators, starting with linear combinations.
The variance of linear combinations of probabilities of
different events can be easily computed if the runs are
uncorrelated. For example, if we estimate P (m) from a
sample of N1 runs, and P (n) from a sample of separate
N2 runs, then
Var
(
αP (m) + βP (n)
)
= α2Var
(
P (m)
)
+ β2Var
(
P (n)
)
(17)
by the well known variance addition formula for uncor-
related data.
Other examples include the product of two probabili-
ties, such as P (m)P (n). One could use a natural choice
for the estimator, where probabilities P (m)(P (n)) are as-
sessed with NA(NB) runs over separate data, such that
P (m)P (n) =
1
NA
NA∑
i
xi
1
NB
NB∑
j
yj , (18)
where yi is assigned to indicate runs showing ‘n’, similar
to the case for P (m). One can easily see that our esti-
mator is consistent, giving E
(
P (m)P (n)
)
= P (m)P (n).
One can also get the variance of this chosen estimator as
an explicit function of P (m), P (n), NA and NB .
Considering now the quantites in S?, however, we have
terms involving the square root of products of two prob-
abilities. Choosing a natural choice for the estimator as
we did before does not give us the analytical functions
for the variance we would like, since if for
√
P (m)P (n)
we use the estimator
√
P (m)P (n) =
√√√√ 1
NA
NA∑
i
xi
1
NB
NB∑
j
yj , (19)
then we obtain
E
([√
P (m)P (n)
]2)
= P (m)P (n) (20)
but
7E
(√
P (m)P (n)
)
=E
(√√√√ 1
NA
NA∑
i
xi
1
NB
NB∑
j
yj
)
≤
√√√√E( 1
NA
NA∑
i
xi
1
NB
NB∑
j
yj
)
=
√
P (m)P (n), (21)
leading only to the trivial bound Var
(√
P (m)P (n)
)
≥ 0.
We thus do not consider such estimators directly in our
variance assessment for nonlinear terms.
We instead consider a linearisation on the nonlinear
quantities in S?(α, β) by finding the tangent surface at a
point. We recall that for a 2-dimensional function f(x, y),
the tangent surface at the point (x0, y0) is given by
flinear
=f(x0, y0) + fx(x0, y0)(x− x0) + fy(x0, y0)(y − y0),
where the partial derivatives of f(x, y) to x(y) are
fx(y)(x, y) respectively.
With this, we can find the tangent surface to each
of the square root terms and obtain linear com-
binations of probabilities. For example, for z =√
P (+1 + 1|0, 0) P (−1− 1|0, 0) at the point (A,B), we
have
z =
√
P (+1 + 1|0, 0) P (−1− 1|0, 0)
≤ 1
2
[√
B
A
P (+1 + 1|0, 0) +
√
A
B
P (−1− 1|0, 0)
]
= zlinear.
In this case it is important to note that the resulting lin-
ear combination of probabilities forms an upper bound
due to the concavity of the square root function, over-
estimating z in a conservative manner. We stress that
any surface zlinear with nonzero A and B is a valid upper
bound on z. Since we overestimate quantities that are in
S?(α, β), this does not lead to a false conclusion of en-
tanglement. To assess the value of zlinear, we can now use
individual estimators P (+1 + 1|0, 0) and P (−1− 1|0, 0)
that converge to P (+1 + 1|0, 0) and P (−1 − 1|0, 0) re-
spectively, so that
zlinear =
1
2
[√
B
A
P (+1 + 1|0, 0) +
√
A
B
P (−1− 1|0, 0)
]
,
and whose variance we can easily compute assuming sep-
arate runs in the estimation for each term.
At this point, A and B can independently take any
nonzero value from 0 to 1, and still give valid linearised
upper bounds. To select more optimal values for A and
B in such a linearised estimator, one can perform an
initial calibration experiment. Given these values, one
can then form a valid, but close to optimal zlinear. We
first point out with an infinite number of runs for the
calibration, an accurate calibration is possible, yield-
ing A = P (+1 + 1|0, 0)cal → P (+1 + 1|0, 0) and B =
P (−1 − 1|0, 0)cal → P (−1 − 1|0, 0). Furthermore, con-
sistent estimators asymptotically converge to the quan-
tum values, giving P (+1 + 1|0, 0) → P (+1 + 1|0, 0) and
P (−1− 1|0, 0) → P (−1 − 1|0, 0). Therefore in the case
where P (+1 + 1|0, 0) and P (−1−1|0, 0) are nonzero, the
asymptotic zlinear = z.
We thus create an estimator Q(α, β)− S?linear(α, β) in
this best case scenario, made up of a linear combination
of individual estimators so that we can easily assess its
variance
Q(α, β)− S?(α, β) ≤ Q(α, β)− S?linear(α, β)
=P (+1 + 1|α, β) + P (+1− 1|α, β)
+P (−1 + 1|α, β) + P (−1− 1|α, β)
−〈0|σ√ηα|0〉〈0|σ√ηβ |0〉P (+1 + 1|0, 0)
−〈0|σ√ηα|0〉〈1|σ√ηβ |1〉P (+1− 1|0, 0)
−〈1|σ√ηα|1〉〈0|σ√ηβ |0〉P (−1 + 1|0, 0)
−〈1|σ√ηα|1〉〈1|σ√ηβ |1〉P (−1− 1|0, 0)
−|〈0|σ√ηα|1〉〈1|σ√ηβ |0〉|
×min
[
k1 P (+1 + 1|0, 0) + k−11 P (−1− 1|0, 0),
k2 P (+1− 1|0, 0) + k−12 P (−1 + 1|0, 0)
]
−
√
2|〈1|σ√ηα|0〉〈1|σ√ηβ |2〉|
×min
[
k3 Pc(A2) + k
−1
3 P (+1− 1|0, 0),
k4 Pc(A2) + k
−1
4 P (−1− 1|0, 0)
]
−
√
2|〈1|σ√ηα|2〉〈1|σ√ηβ |0〉|
×min
[
k5 Pc(A1) + k
−1
5 P (−1 + 1|0, 0),
k6 Pc(A1) + k
−1
6 P (−1− 1|0, 0)
]
−2
[
Pc(A1) + Pc(A2)
]
, (22)
where1 k1 =
√
P (−1−1|0,0)cal
P (+1+1|0,0)cal , k2 =
√
P (−1+1|0,0)cal
P (+1−1|0,0)cal ,
k3 =
√
P (+1−1|0,0)cal
Pc(A2)cal
, k4 =
√
P (−1−1|0,0)cal
Pc(A2)cal
, k5 =√
P (−1+1|0,0)cal
Pc(A1)cal
and k6 =
√
P (−1−1|0,0)cal
Pc(A1)cal
.
1 If one has some knowledge of the state parameters, one might
even compute the expected asymptotic values to use as the cal-
ibration parameters. The use of this knowledge does not affect
the validity of the entanglement conclusion from the actual ex-
periment, as it only varies the overestimation of each term of the
witness.
8With a budget of Ntotal runs, we can now minimise the
variance of Q(α, β)− S?linear(α, β) over possible distribu-
tions of Ntotal runs across each estimator term within.
For our purposes, we will consider a number of runsNtotal
sufficient for revealing entanglement if the variance for an
accurately calibrated Q(α, β)− S?linear(α, β) is such that√
Var
(
Q(α, β)− S?linear(α, β)
)
≤ 1
3
[
Q(α, β)− S?(α, β)]. (23)
In the case discussed in the Main Text, where one has an
overall detection efficiency η = 10%, an initial mechani-
cal excitation n0 = 0.2 and a state-swap efficiency of T =
30%, we find that Ntotal = 7.5×105 runs are sufficient to
violate our witness inequality by three standard devia-
tions. For a more conservative value n0 = 1 of the initial
mechanical excitation, we find that Ntotal = 3.2 × 106.
Given that 7 billions of runs have been reported in Ref.
[5], we conclude that our proposal appears feasible with
currently available setups.
F-IMPLEMENTATION
We present in Fig. 2 a possible way to implement
our proposal. Pulses which are created at the cavity fre-
quency ωc, are split before being sent into Mach-Zehnder
interferometers. The pulses in the first interferometer are
used to drive the opto-mechanical system, that is, the fre-
quency in the short and long arm is shifted so as to be
resonant with the relevant optomechanical sidebands im-
plementing the two-mode squeezing and phonon-photon
state transfer operations respectively. Each arm of the
second interferometer is equipped with phase and am-
plitude modulators to set the the phase and amplitude
of displacement operations. The latter is indeed imple-
mented by combining the state to be displaced and a co-
herent state into a partially reflecting beamsplitter. The
modulators are here to guarantee that both states are
indistinguishable in all degrees of freedom, differing only
with regards to their photon number distribution.
We point out that this scheme imposes minimal re-
quirements on the phase stability. As can be seen in Fig.
2, the only phase stability requirement is that the relative
path length fluctuations in each of the interferometers A
and B are small with respect to the wavelength. Phase
stability in the larger interferometer that separates the
initial laser pulses towards interferometers A and B is not
required. Furthermore, for the detection of outcomes, at
most twofold coincidences are required.
Finally, let us list the steps one should take to certify
optomechanical entanglement.
1. Evaluate S?(α, β) by first recording the events
‘click’ and ‘no-click’ without displacement (mea-
surement scheme (a)) to obtain the probabilities
FIG. 2. Schematic of a possible setup. A laser set to the reso-
nant frequency of the cavity is sent onto a beamsplitter where
the beam is diverted towards interferometers A and B. Inter-
ferometer A is set up such that the pulse on the shorter/longer
path is respectively detuned by plus/minus the mechanical
frequency. The blue and red detuned pulses then enter the
cavity and result in optical modes A1 and A2 which we de-
tect for the witness. Interferometer B separates the incoming
light into two paths, each modified so as to obtain the am-
plitude and phase of the respective displacement operation.
Light leaving interferometer B then combines with the light
from the cavity in order to realise the displacement operations
before the photon detection. The two methods of detection
required are shown in (a) using a single detector capable of
measuring both A1 and A2, and in (b) with two detectors
after a beamsplitter to measure coincidences.
P (±1,±1|0, 0) and P (±1,∓1|0, 0); and then intro-
ducing a beamsplitter and recording the coinci-
dences (measurement scheme (b)) to obtain Pc(A1)
and Pc(A2).
2. Evaluate Q(α, β) by recording the events ‘click’
and ‘no-click’ with settings α and β, to obtain
P (±1,±1|α, β) and P (±1,∓1|α, β).
3. Conclude entanglement if there is a couple (α, β)
such that Q(α, β)− S?(α, β) > 0.
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CHAPTER 3
CERTIFYING QUANTUM REPEATERS
Upon the success of quantum repeater protocols, one expects to have an entan-
gled state across two remote locations. For the case of the DLCZ architecture,
this entangled state takes the form of two atomic ensembles which share a single
excitation. Performing retrieval upon the remote atomic ensembles yields a path-
entangled state, that is, two optical modes sharing a single photon. To show that
the quantum repeater system is functioning as expected, one can first verify that
this distributed photonic state is indeed entangled.
To perform entanglement verification upon this photonic state, one option is
to involve the addition of another chain of repeaters altogether, which can become
logistically prohibitive [34]. An alternative solution is to do a partial state tomog-
raphy, where coherence terms are measured by interfering the two optical modes
[46]. This method is not suited for the framework of quantum repeaters, since
after the repeater protocol, the two entangled atomic ensembles could possibly be
thousands of kilometers apart. Finally, a full tomography can be performed by lo-
cal homodyne measurements [47], but this requires assumptions on the dimension
of the underlying Hilbert space. Finding a simple method for verification while
making minimal assumptions on the tested state would allow for a convenient but
quantitative assessment on the functioning of the network.
To tackle this problem, we have designed a witness of single-photon entangle-
ment based on the CHSH inequality, using phase-averaged homodyne measure-
ments with a sign binning for the outcomes [48]. Homodyne measurements do
not allow for a violation of the CHSH inequality, even in the ideal case where a
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single photon is perfectly delocalised into two modes, but can nonetheless be used
to form an entanglement witness, similar in spirit to the previous chapter. Our
witness here is based on the CHSH inequality, but relies on a detailed description
of well calibrated measurements. While knowledge of the measurements are nec-
essary, any resulting conclusion of entanglement does not require assumptions on
the tested state.
In a subsequent work [49], we perform a refinement on the witness used in
Ref. [48] with a systematic and complete way to use available information on all
local photon probabilities. This allows us to detect entanglement for all nonzero
efficiencies.
64
Certifying Quantum Repeaters
Paper D
Witnessing trustworthy single-photon entanglement
with local homodyne measurements
Olivier Morin, Jean-Daniel Bancal, Melvyn Ho, Pavel Sekatski,
Virginia D’Auria, Nicolas Gisin, Julien Laurat and Nicolas Sangouard
Physical Review Letters 110, 030401 (2013)
65
Certifying Quantum Repeaters
66
Witnessing Trustworthy Single-Photon Entanglement with Local Homodyne Measurements
Olivier Morin,1 Jean-Daniel Bancal,2 Melvyn Ho,3 Pavel Sekatski,2 Virginia D’Auria,4
Nicolas Gisin,2 Julien Laurat,1 and Nicolas Sangouard2
1Laboratoire Kastler Brossel, Universite´ Pierre et Marie Curie, Ecole Normale Supe´rieure,
CNRS, 4 Place Jussieu, 75252 Paris Cedex 05, France
2Group of Applied Physics, University of Geneva, CH-1211 Geneva 4, Switzerland
3Centre for Quantum Technologies, National University of Singapore, 3 Science Drive 2, Singapore 117543
4Laboratoire de Physique de la Matie`re Condense´e, CNRS UMR 7336, Universite´ de Nice-Sophia Antipolis,
Parc Valrose, 06108 Nice Cedex 2, France
(Received 2 July 2012; published 25 March 2013)
Single-photon entangled states, i.e., states describing two optical paths sharing a single photon,
constitute the simplest form of entanglement. Yet they provide a valuable resource in quantum information
science. Specifically, they lie at the heart of quantum networks, as they can be used for quantum
teleportation, swapped, and purified with linear optics. The main drawback of such entanglement is the
difficulty in measuring it. Here, we present and experimentally test an entanglement witness allowing one
to say whether a given state is path entangled and also that entanglement lies in the subspace, where the
optical paths are each filled with one photon at most, i.e., refers to single-photon entanglement. It uses
local homodyning only and relies on no assumption about the Hilbert space dimension of the measured
system. Our work provides a simple and trustworthy method for verifying the proper functioning of future
quantum networks.
DOI: 10.1103/PhysRevLett.110.130401 PACS numbers: 03.65.Ud, 42.50.Dv
Motivations.—Quantum networks [1] provide broad
capabilities, ranging from long distance quantum commu-
nication at large scales [2,3], to the simulation of quantum
many-body systems [4] in tabletop implementations.
Remarkable progresses have been made in practice [5–7]
and experimental capabilities are now advancing into a
domain of rudimentary functionality for quantum nodes
connected by quantum channels [8–11]. Surprisingly, the
task of checking that a newly implemented quantum
network performs well remains nontrivial.
In the past decade, a great number of architectures based
on atomic ensembles and linear optics have been proposed
[12].We now know that quantum networks based on single-
photon entanglement [13], i.e., entangled states of the form
1ﬃﬃﬃ
2
p ðj1iAj0iB þ j0iAj1iBÞ; (1)
where A and B are two spatial modes sharing a delocalized
photon, are very attractive: They require significantly fewer
resources than the other architectures and are less sensitive
to memory and photon detector inefficiencies [12]. Further-
more, they are efficient when combined with temporal
multiplexing [14]. However, such networks have a major
drawback: The detection of single-photon entangled states
is very challenging. One cannot resort, for example, to
violating a Bell inequality given solely photon-counting
techniques.
Hitherto, there are three prescribed methods to detect
single-photon entanglement. The first one converts two
copies of a single-photon entangled state into one copy
of two-particle entanglement. Starting from entanglement
ðj1iA1 j0iB1þj0iA1 j1iB1Þðj1iA2 j0iB2þj0iA2 j1iB2Þ between
the modes A1 and B1 and between A2 and B2, it basically
consists of a postselective projection onto the subspace
with one excitation in each location, yielding j1iA1 j1iB2 þj1iA2 j1iB1 [3]. The latter is analogous to conventional pola-
rization or time-bin entanglement, and any witness suited
for such entanglement can thus be used to postselectively
detect single-photon entanglement. Nevertheless, this app-
roach is not fully satisfying conceptually because it relies
on postselection. Furthermore, for practical implemen-
tation, the need to create two copies requires twice the
number of resources at each node.
The second method is based on partial quantum state
tomography. Specifically, one reconstructs a reduced
density matrix that corresponds to a projection of the full
density matrix into a subspace with at most one photon
locally. The presence of entanglement is then inferred from
an entanglement measure computed from the reduced den-
sity matrix [15]. Specifically, this tomographic approach
requires the knowledge of probabilities pmn of having m
photons in mode A and n in mode B, where m, n 2 f0; 1g,
and the visibility V of the single-photon interference pattern
obtained by combining the modes A and B into a beam
splitter. Although it has triggered highly successful experi-
ments [15–18], the approach presented inRef. [15] cannot be
directly used in large-scale networks when one needs to
check the entanglement between far away locations, since
the knowledge ofV relies on a joint measurement ofA andB
modes.
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The last method uses local homodyne detections and
provides, a priori, a full tomography of the state that can
subsequently be used to measure the entanglement [19,20].
However, the tomographic approach requires a number
of measurements, which increase with the dimension of
the state being measured [21]. In practice, one could
be tempted to make an assumption on the regularity of
the measured Wigner function to reduce the number of
measurements or, equivalently, on the dimension of the
system’s Hilbert space, especially when focusing on single-
photon entanglement. But this would amount to making an
assumption about the system that we want to characterize.
One can also estimate the dimension of the state from
measurements, but it is not clearly established how errors
on this estimation can affect the conclusion about the
presence of entanglement. More generally, the exponential
increase of required measurements with the number of
measured subsystems makes the tomography not suited to
decide on the presence of entanglement in quantumnetworks
[22], contrary to entanglement witnesses [23].
Principle.—Here, we propose a simple approach to
witness single-photon entanglement which relies on local
measurements only and needs neither postselection nor
assumption on the tested state. The basic principle is drawn
in Fig. 1. Two distant observers, Alice and Bob, share a
quantum state. To check whether it is entangled, each of
them randomly chooses a measurement among two quad-
ratures, fX; Pg for Alice and fXþ P; X  Pg for Bob.
At each run, they obtain a real number. They then process
the results to get binary outcomes using a sign binning;
i.e., they attribute the result1 if the result is negative and
þ1 otherwise. By repeating the experiment several times,
Alice and Bob can compute the conditional probabilities
pða; bjx; yÞ, where a; b 2 f1;þ1g, x 2 fX; Pg, and y 2
fX þ P; X  Pg. Substituting these probabilities by their
values into the Clauser-Horne-Shimony-Holt (CHSH) [24]
polynomial
S ¼ EX;XþP þ EX;XP þ EP;XþP  EP;XP; (2)
where Ex;y ¼
P
a;b¼f1;þ1gpða ¼ bjx; yÞ  pða  bjx; yÞ,
they obtain a real number S.
The value of S can easily be obtained under the assump-
tion that Alice and Bob each have a qubit. Indeed, in the
Fock basis fj0i; j1ig, the measurement of the X quadrature
with sign binning is equivalent to a noisy x measurement
[25,26],
R
0
1 dxjxihxj 
R1
0 dxjxihxj ¼
ﬃﬃﬃ
2

q
x and, simi-
larly, the P quadrature corresponds to y with the same
noise. For the setting choice fX; Pg and fXþ P; X Pg,
the state (1) thus yields to S ¼ 2 ﬃﬃﬃ2p  2  1:8.
Furthermore, the maximum value that can be obtained
with a separable state belonging to the subspace
fj0i; j1ig2 is Ssep ¼
ﬃﬃﬃ
2
p  2  0:9 [27]. Since S is smaller
than 2, the proposed CHSH-like test does not highlight the
nonlocal characteristic of a single photon delocalized
among two modes, but it does provide an attractive entan-
glement witness: If the measured CHSH value is larger
than Ssep, Alice and Bob can conclude that they share an
entangled state.
This holds for qubits only. In practice, however, the state
describing the modes A and B includes multiphoton com-
ponents and does not reduce to a two-qubit state. We show
below how the entanglement witness can be extended to
the case of arbitrary dimensional bipartite states. First, we
show how Alice and Bob can accurately estimate the
probability that their state lies out of a two-qubit space
fj0i; j1ig2. We then demonstrate that this probability can
be used to upper bound the maximal CHSH value that can
be obtained with separable states.
Bounding the Hilbert space dimension.—Let us consider
the casewhereAlice andBob donot have qubits but quantum
states of arbitrary dimension. First, they need to bound the
probability that at least one of their modes is populated with
more than one photon pðnA  2 [ nB  2Þ. This can be
realized without assumption on the Hilbert space dimension
by first determining the probabilitiespðnA ¼ jÞ (pðnB ¼ jÞ)
of having j photons in Alice’s (Bob’s) mode, using local
homodyning with phase-averaged local oscillators through
a direct integration of the obtained data with a pattern
function [28]. The joint probability pðnA  2 [ nB  2Þ ¼
pðnA  2Þ þ pðnB  2Þ  pðnA  2 \ nB  2Þ can then
be bounded by the parameter p?, defined as follows
p? ¼ 2
X1
j¼0
pðnA ¼ jÞ þ pðnB ¼ jÞ

: (3)
We now show how the knowledge of p? can be used to
construct an operational witness for single-photon
entanglement.
Evaluating the maximal CHSH value with separable
states.—Consider the general case, where p?  0, i.e.
pðnA  2 [ nB  2Þ  0 a priori. The state of Alice and
Bob can be described by the density matrix
 ¼
nA1\nB1 coh
ycoh nA2[nB2
 !
; (4)
where nA1\nB1 denotes the 4 4 block with, at most,
one photon per mode, nA2[nB2 refers to the block where
at least one of the two modes contains at least two photons,
FIG. 1 (color online). Principle of the proposed entanglement
witness.
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and coh is associated with the coherence between these
two blocks. Since nA2[nB2 possibly spans a Hilbert
space of infinite dimension, there could be an infinite
number of coherence terms. However, a few of them give
a nonzero contribution to the CHSH polynomial if a phase-
averaged homodyne detection is used at each location.
Specifically, consider the case where Alice and Bob
perform the measurements X’A ¼ cos’AXþ sin’AP and
X’B ¼ cos’BXþ sin’BP, respectively, where ’A and ’B
are random variables such that heik’A;Bi ¼ 0, k 2 N? but
the phase difference’A  ’B ¼ ’ is fixed. This requires
classical but not quantum communication and, hence, can
only decrease the entanglement that Alice and Bob poten-
tially share. In particular, if Alice can choose a measure-
ment among the two quadratures fX’1
A
; X’2
A
g and if Bob’s
choice reduces to one of the quadratures fX’1B ; X’2Bg such
that ’1A  ’1B ¼  4 , ’1A  ’2B ¼ 4 , ’2A  ’1B ¼ 4 and
’2A  ’2B ¼ 34 , we show in the Supplemental Material
[29] that the CHSH polynomial corresponding to the state
(4) is bounded by
Smax ¼ 16ﬃﬃﬃ
2
p

<½h01jnA1\nB1j10i
þ 8

ð<½h20jcohj11i þ <½h02jcohj11iÞ
þ 2 ﬃﬃﬃ2p pðnA  2 [ nB  2Þ; (5)
where< denotes the real part. For a given value of pðnA 
2 [ nB  2Þ, Smax can be directly maximized over the set
of physical states ( 2 fj0i; j1i; j2ig2, trðÞ  1,   0)
that satisfy the observed photon number distributions,
i.e., p00þp10þp01þp11 ¼ 1pðnA 2[nB 2Þ and
that are separable in the fj0i; j1ig2 subspace, i.e., for
which the projection into this subspace remains positive
under partial transposition (PPT) [30,31]. Figure 2 shows
the result of this optimization Smaxsep .
Witnessing single-photon entanglement.—This provides
a truly state-independent witness [32] of entanglement.
First, the protagonists determine the local photon-number
distributions from which they deduce an upper bound p?
on the joint probability pðnA  2 [ nB  2Þ. Second,
they deduce Smaxsep ðp?Þ from Fig. 2 (see the Supplemental
Material [29]). Third, they measure the CHSH value Sobs
by randomly choosing measurements among fX’1A ; X’2Ag
and fX’1B ; X’2Bg, respectively, and by subsequently comput-
ing the CHSH polynomial through Eq. (2). If Sobs >
Smaxsep ðp?Þ, Alice and Bob know that the projection of their
state into the subspace fj0i; j1ig2 has a negative partial
transpose; i.e., they can safely conclude that the state is
entangled and that the entanglement resides in the sub-
space with at most one photon locally.
Importantly, a tighter bound can be obtained if Smax is
maximized over the set of states with a positive partial
transpose not only satisfying p00 þ p10 þ p01 þ p11 ¼
1 pðnA  2 [ nB  2Þ but also reproducing the locally
measured probabilities pðnA ¼ jÞ (pðnB ¼ jÞ) for having
j ¼ 0, 1 photon in Alice’s (Bob’s) mode. These additional
constraints have been taken into account for the computa-
tion of the separable bounds related to the experiment
presented below (see the Supplemental Material [29]).
Proof-of-principle experiment.—We start off with a her-
alded single photon generated by a conditional preparation
technique operated on a two-mode squeezed vacuum emit-
ted by a type-II optical parametric oscillator [33]. Without
correction for detection loss, the overall fidelity reaches
70%. Single-photon entanglement is obtained by sending
FIG. 2 (color online). Separable bound Smaxsep as a function of
the probability that at least one of the two protagonists gets more
than one photon pðnA  2 [ nB  2Þ. The blue curve allows one
to know the maximum value of the CHSH polynomial Smaxsep that
a state separable in the fj0i; j1ig2 subspace can reach. If Sobs >
Smaxsep , one can conclude that the projection of the state in the
subspace with zero and one photon locally is entangled.
FIG. 3 (color online). Experimental setup. A tunable single-
photon entangled state is created by sending a heralded single
photon on a tunable beam splitter based on a polarizing beam
splitter (PBS) and a half-wave plate (=2). The proposed witness is
then tested with two independent homodyne detections (Alice and
Bob). The local oscillator is superposed to each mode via the first
PBS. Its global phase is swept with a piezoelectric actuator. The
relative phase ’ is set with a combination of birefringent plates.
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the created photon into a beam splitter [34]. Specifically,
by controlling the angle  of a half-wave plate relative to
the axis of a polarizing beam splitter (PBS), we create a
tunable single-photon entangled state cosð2Þj0iAj1iB þ
sinð2Þj1iAj0iB between the two output modes of the
PBS, as sketched in Fig. 3.
The local oscillators that Alice and Bob need to reveal
entanglement are obtained by impinging a bright beam on
the second input of the PBS: one polarization mode is used
as the quantum channel, and the orthogonal one conveys
the local oscillator. It is worth mentioning that this tech-
nique can be implemented over long distances as realized
in field implementation of quantum key distribution [35].
The relative phase between Alice’s and Bob’s local oscil-
lators ’ is fixed by choosing an appropriate elliptical
polarization of the bright beam just before the PBS [36].
In practice, the setting difference is calibrated by observing
the dephasing of interference fringes (the quantum state is
replaced here by a coherent state). A global phase averag-
ing is obtained by sweeping a piezoelectric transducer
located on the path of the bright beam before the PBS.
For each heralding event, Alice and Bob each obtain a
real valued outcome, which is extracted from homodyne
photocurrents. Accumulating 200 000 events for each
quadrature relative measurements, they deduce the value
of the CHSH polynomial Sobs. The same homodyne mea-
surements also provide the local photon number distribu-
tions which are used to compute the separable bound Smaxsep .
We emphasize that the separable bound is here obtained by
maximizing the CHSH value over the set of separable
states that fulfill the locally measured photon-number
occupation probabilities pðnA ¼ jÞ and pðnB ¼ jÞ for hav-
ing j ¼ 0; 1 photon in Alice and Bob’s mode, respectively.
Furthermore, it takes several errors into account, for
example, errors related to the quadrature measurement
imperfections were considered (see the Supplemental
Material [29]). The procedure is repeated for various
angles  ranging from 0 to 45. Figure 4 shows the main
result, i.e., the observed CHSH values and the separable
bounds as a function of . One sees that they both reach
maximal values around  ¼ 22:5, where Alice and Bob
ideally share a maximally entangled state. The small
deviation between the observed value Sobsð ¼ 22:5Þ 
1:33 and the CHSH value that would be obtained with
a maximally entangled state (1.8) demonstrates that the
overall source and detection efficiencies are very high.
Furthermore, the observed CHSH values are almost all
larger than the separable bounds when dealing with
entangled states (  0, 45). This shows the great
robustness of the proposed witness.
Conclusion.—We have presented and experimentally
tested a witness for single-photon entanglement that does
not need postselection, uses local measurements only, and
does not rely on assumptions about the dimension of the
measured state. Note that our witness can be easily adapted
to detect few-photon entanglement without additional
complications. We believe that it will naturally find appli-
cations in long-distance quantum communication, allow-
ing users to check whether two remote nodes of a given
quantum network are entangled. One important challenge
in this context is to reveal the entanglement shared by a
large number of parties. Finding Bell inequalities that
could be used as witnesses for multipartite single-photon
entanglement is work for the future.
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I. WITNESSING SINGLE-PHOTON
ENTANGLEMENT IN QUDIT SPACES: THEORY
As mentioned in the main text, if Alice & Bob can
guarantee that they perform measurements on qubits,
they can demonstrate entanglement by simply perform-
ing a Bell-like test by randomly choosing a setting among
two quadratures, {X,P} for Alice and {X+P,X−P} for
Bob. If the resulting CHSH value is larger than 0.9, they
can safely conclude that their state is entangled. In prac-
tice, however, it is challenging to show that the systems
one is measuring are well described by qubits. Below, we
detail the procedure to follow in the general case where
Alice & Bob have qudits.
A. CHSH polynomial for phase averaged
homodyning
Let
ρ =
∑
ijkl
cijkl|ij〉〈kl|
be the state that Alice & Bob share, |ij〉 describing the
state with i photons in Alice’s mode and j photons in
Bob’s one. Consider that the phase of local oscillators
that are required for homodyning, is averaged, i.e. Alice
& Bob perform the measurements
Xϕ`A = cosϕ
`
AX + sinϕ
`
AP,
Xϕ¯`B
= cosϕ
¯`
BX + sinϕ
¯`
BP
respectively, with ϕ`A and ϕ
¯`
B random variables satisfy-
ing 〈eiϕ`A〉 = 〈eiϕ¯`B 〉 = 0. Further consider that the phase
difference ∆ϕ`
¯`
= ϕ`A − ϕ¯`B to be tunable such that Al-
ice can choose a measurement among the two quadatures
{Xϕ1A , Xϕ2A} relative to Bob’s choice {Xϕ1B , Xϕ2B}. (This
∗ These authors contributed equally to this work.
can only underestimate the entanglement in average be-
cause this can be realized by local operations and clas-
sical communications. Namely, they could each apply
a random phase shift to a shared local oscillator such
that the phase difference is fixed, subsequently choose
a quadrature measurement locally and ignore the infor-
mation about the individual phase shifts). At each run,
Alice & Bob obtain each a real number. They then pro-
cess the results to get binary outcomes using a sign bin-
ning, i.e. they assign the result −1 if the real number is
negative and +1 otherwise. By repeating this procedure
many times, they can access the probability that both
get +1 for instance, knowing that they chose Xϕ`A and
Xϕ¯`B
p(+1,+1|Xϕ`A , Xϕ¯`B ) =
∑
ijkl
〈eiϕ¯`B(i+j−(k+l))〉cijkl
×ei∆ϕ`¯`(i−k)
∫ ∞
0
dxφi(x)φk(x)
×
∫ ∞
0
dyφj(y)φl(y)
where φi(x) = 〈x|i〉. One sees that the off-diagonal el-
ements |ij〉〈kl| with different numbers of photons (i +
j 6= k + l) do not contribute to the probabilities
p(a, b|Xϕ`A , Xϕ¯`B ), with a, b = {−1,+1}. Furthermore,
since for all n and m having the same parity,∫ ∞
0
dyφn(y)φm(y) =
∫ 0
−∞
dyφn(y)φm(y) =
1
2
δn,m
the terms cijkl for which either i-k or j-l is an odd num-
ber, have a zero contribution to the correlator
EX
ϕ`
A
,X
ϕ
¯`
B
=
∑
a,b={−1,+1} p(a = b|Xϕ`A , Xϕ¯`B )
−p(a 6= b|Xϕ`A , Xϕ¯`B ).
Finally, one easily checks that the remaining cijkl terms
satisfying
i+ j = k + l, (1)
|i− k| = 1 mod 2, (2)
|j − l| = 1 mod 2, (3)
2yield
EX
ϕ`
A
,X
ϕ
¯`
B
= 4
∑
ijkl
cijkl
×
∫ ∞
0
dxφi(x)φk(x)e
i∆ϕ`
¯`
(i−k)
×
∫ ∞
0
dyφj(y)φl(y).
Specifically, if ∆ϕ11 = −pi4 , ∆ϕ12 = pi4 , ∆ϕ21 = pi4 and
∆ϕ22 = 3pi4 , the value of the CHSH polynomial
S = EX
ϕ1
A
,X
ϕ1
B
+ EX
ϕ1
A
,X
ϕ2
B
+ EX
ϕ2
A
,X
ϕ1
B
− EX
ϕ2
A
,X
ϕ2
B
is given by
S = 16
∑
ijkl
cijkl cos
(
(i− k) pi
4
)
×
∫ ∞
0
dxφi(x)φk(x) .
∫ ∞
0
dyφj(y)φl(y). (4)
B. Optimizing the CHSH value over the set of
separable states
Without loss of generality, Alice & Bob’s state can be
written as
ρ =
(
ρnA≤1∩nB≤1 ρcoh
ρ†coh ρnA≥2∪nB≥2
)
(5)
where ρnA≤1∩nB≤1 denotes the block with at most one
photon per mode, ρnA≥2∪nB≥2 refers to the block where
at least one of the two modes is populated with more
than one photon and ρcoh is associated to the coherence
between these two blocks. Taking the constraints (1),(2)
and (3) into account and using the formula (4), the cor-
responding CHSH polynomial reduces to
S =
16√
2pi
<
[
〈01|ρnA≤1∩nB≤1|10〉
]
(6)
+
8
pi
(
<
[
〈20|ρcoh|11〉
]
+ <
[
〈02|ρcoh|11〉
])
+SρnA≥2∪nB≥2
where < denotes the real part and SρnA≥2∪nB≥2 is associ-
ated to the CHSH value obtained from ρnA≥2∪nB≥2. The
goal is now to optimize S over the set of separable states.
Let p(nA ≥ 2 ∪ nB ≥ 2) be the probability that at least
one of the two protogonists has more than one photon,
i.e.
tr ρnA≥2∪nB≥2 = p(nA ≥ 2 ∪ nB ≥ 2). (7)
Since ρnA≥2∪nB≥2 cannot be obtained by local pro-
jections, it may maximally contribute to CHSH, i.e.
SρnA≥2∪nB≥2 ≤ 2
√
2 × p(nA ≥ 2 ∪ nB ≥ 2). S is thus
upper bounded by
S ≤ Smax(p(nA ≥ 2 ∪ nB ≥ 2)) (8)
=
16√
2pi
<
[
〈01|ρnA≤1∩nB≤1|10〉
]
+
8
pi
(
<
[
〈20|ρcoh|11〉
]
+ <
[
〈02|ρcoh|11〉
])
+2
√
2× p(nA ≥ 2 ∪ nB ≥ 2).
Needless to say, separable states are physical states.
They are thus represented by positive matrices with
a trace (tr) equal to one. Furthermore, the Peres-
Horodecki criterion [1, 2] states that for any separable
state ρsep, its partial transpose ρ
Tb
sep has non-negative
eigenvalues. The optimization of Smax over the set of
separable states in the subspace with at most one pho-
ton locally is thus a problem that can be summarized as
follows
max
ρ∈{|0〉,|1〉,|2〉}⊗2
: Smax(p(nA ≥ 2 ∪ nB ≥ 2)) (9)
s. t. : ρ ≥ 0
tr(ρ) ≤ 1∏
0/1
ρ
∏
0/1
Tb ≥ 0
1∑
i,j=0
pij = 1− p(nA ≥ 2 ∪ nB ≥ 2).
The constraint tr(ρ) ≤ 1 comes from the fact that the
optimization is performed over finite dimension (9 × 9)
matrices that can either represent a physical state or
that can be obtained by local projections of states
spanning Hilbert spaces with a larger dimension.
∏
0/1
stands for the projection into the subspace with at most
one photon locally. Eq. (9) is a linear optimization with
semidefinite positive constraints which can be efficiently
solved numerically [3]. The result of the optimization
Smaxsep is shown in Fig. 2 (main text) as a function of
p(nA ≥ 2 ∪ nB ≥ 2). It is also given in Fig. 1 (dashed
line). If a physical state that satisfies the last condition
leads to a S value larger than Smaxsep , one concludes that
the partial transpose has at least one negative eigenvalue
and hence, the state is entangled and entanglement lies
in the subspace with zero and one photon locally, i.e.
refers to single-photon entanglement.
It is worth mentioning that if the observed CHSH
value is not higher than the separable bound obtained
through the optimization presented in Eqs. (9), one
can still conclude about the presence of entanglement.
Indeed, the optimization can be performed over the
set of separable states, but not only the ones that are
separable in the subspace with at most one photon
locally. The constrain
(∏
0/1 ρ
∏
0/1
)Tb ≥ 0 simply
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FIG. 1: Separable bound Smaxsep as a function of the probability
that at least one of the two protagonists gets more than one
photon p(nA ≥ 2 ∪ nB ≥ 2). The dashed curve allows one
to know the maximum value of the CHSH polynomial Smaxsep
that a state that is separable in the {|0〉, |1〉}⊗2 subspace can
reach. If the observed CHSH value Sobs > S
max
sep , one can
conclude that the projection of the state in the subspace with
zero and one photon locally is entangled. The full curve give
the maximum value that a separable state can reach. If the
the oberved CHSH value is higher than the latter, one can
conclude about entanglement but without saying where the
entanglement lies.
needs to be replaced by ρTb ≥ 0. This leads to the second
separable bound (full curve) presented in Fig. 1. If the
observed CHSH value is larger than the bound obtained
in this manner, one can conclude about the presence
of entanglement but we cannot say in which subspace
entanglement lies.
Note also that the optimization (9) does not take the
individually measured probabilities p(nA = j) (p(nB =
j)) for having j photons in Alice’s (Bob’s) mode into
account. These probabilities add constraints reducing
the size of the set of separable states over which Smax
is optimized and thus, provide a tighter bound Smaxsep .
We use them for the calculation of the separable bounds
related to the experiment (see the optimization (14)).
C. General procedure to follow for witnessing
single-photon entanglement
Below, we present the procedure to follow in order to
conclude about the presence of entanglement with the
proposed witness.
• Firstly, the local photon number distributions
p(na = 0), p(nb = 0), p(na = 1), p(nb = 1) are
accessed using local phase-averaged quantum state
tomography.
• The joint probability p(na ≥ 2∪nb ≥ 2) defined by
p(na ≥ 2) + p(nb ≥ 2)− p(na ≥ 2 ∩ nb ≥ 2)
is then upper bounded by
p? = 2− p(na = 0)− p(na = 1)
−p(nb = 0)− p(nb = 1).
• Thirdly, p? is used to obtain the separable bound
Smaxsep (p
?) deduced from the following optimization
max
ρ∈{|0〉,|1〉,|2〉}⊗2
: Smax(p?)
s. t. : ρ ≥ 0
tr(ρ) ≤ 1∏
0/1
ρ
∏
0/1
Tb ≥ 0
1∑
i,j=0
pij ≥ 1− p?. (10)
Alternatively, Smaxsep (p
?) can simply be obtained
from Fig. 2 (main text) because Smaxsep is a mono-
tonically increasing function of p(na ≥ 2 ∪ nb ≥
2). Both methods provide an upper bound on
Smaxsep (p(na ≥ 2 ∪ nb ≥ 2)) ≤ Smaxsep (p?).
• Fourthly, the CHSH value is measured. In princi-
ple, this is done by proposing Alice and Bob to ran-
domly choose measurements among {Xϕ1A , Xϕ2A}
and {Xϕ1B , Xϕ2B} respectively and to subsequently
compute the CHSH polynomial. However, since
EX
ϕ1
A
,X
ϕ1
B
= −EX
ϕ2
A
,X
ϕ2
B
and EX
ϕ1
A
,X
ϕ2
B
=
EX
ϕ2
A
,X
ϕ1
B
, Sobs can be obtained in practice from
the measurements of two correlators only
Sobs = 2EX
ϕ1
A
,X
ϕ1
B
+ 2EX
ϕ1
A
,X
ϕ2
B
. (11)
• Finally, Sobs and Smaxsep (p?) are compared.
If Sobs > S
max
sep (p
?) (which implies that
Sobs > S
max
sep (p(na ≥ 2 ∪ nb ≥ 2))), one con-
cludes that the measured state is entangled at the
single-photon level. Otherwise, we cannot form a
conclusion, the state can either be separable or
entangled.
II. EXPERIMENTAL DETAILS
A. Heralded creation of single-photon
entanglement
A continuous-wave frequency-doubled Nd:YAG laser
(Diabolo, Innolight) pumps a triply-resonant type-II
phase-matched optical parametric amplifier based on a
KTP crystal to generate below threshold, a two-mode
squeezed state [4]. The created modes are orthogonally
4polarized and are deterministically separated at the out-
put of the amplifier. One of the two modes is send to
a single-photon detector (superconducting single-photon
detector, with a quantum efficiency of 7% at 1064nm)
after filtering of the non-degenerate modes. A detection
event ideally heralds the generation of a single-photon
state on the twin mode. The heralding rate is around
30 kHz. (See [5] for more details about the source). By
controlling the polarization of the heralded photon via a
half-wave plate and by subsequently sending it into a po-
larizing beam splitter (PBS), one gets a versatile source
producing states of the form
|ψ(θ)〉AB = cos(2θ)|0〉A|1〉B + sin(2θ)|1〉A|0〉B (12)
where θ is the angle of the half-wave plate relative to
the axis of the PBS. For θ = 0◦, the created state is
separable, whereas for θ = 22.5◦ it becomes maximally
entangled. This source is thus particularly well suited to
test the proposed entanglement witness.
B. Homodyning
Each spatial mode is then detected using an indepen-
dent homodyne detection. The required local oscillators
are obtained by impinging a bright beam into the second
input of the PBS. The phase of Alice’s local oscillator
is controlled relative to Bob’s one by choosing appro-
priately the polarization of the bright beam just before
the PBS [6]. To meet the witness requirements, a phase
averaging is realized by sweeping a piezoelectric trans-
ducer located on the path of the bright beam before the
PBS. The overall efficiency of each homodyne detection
is 85%, including the quantum efficiency of the photodi-
odes (Fermionics 500), mode overlap and electronic noise
[7].
C. Data acquisition
For each heralding event, Alice and Bob perform a
quadrature measurement and the corresponding result is
extracted from homodyne photocurrents. 200000 events
are accumulated for each relative phase ∆ϕ11AB =
pi
4 and
∆ϕ12AB = −pi4 . Sobs is then deduced from Eq. (11). The
same results are also used to compute the local photon
number distributions by phase-averaged quantum state
tomography using the method given in [8]. We remind
that this method does not require assumptions on the
the dimension of the measured state. Table 2 shows the
results for various angles θ. Alternatively, a MaxLike al-
gorithm [9] can be used to access the local photon number
distribution, albeit with a truncation of the Fock space.
D. Error estimations
Several kind of errors should be taken into account.
Firstly, statistical errors affect the measured value of
the CHSH polynomial Sobs. These errors are estimated
in a standard way by using the central limit theorem.
They are basically very small (see Table 2) because they
were deduced from 200000 results.
Secondly, the accuracy with which the relative phase
∆ϕ`
¯`
AB between Alice & Bob’s measurements is estimated
to be 2◦. This means that when Alice and Bob choose
measurement settings, e.g. corresponding ideally to the
quadratures Xϕ1A-Xϕ1B , the relative phase ∆ϕ
11
AB is not
exactly equal to pi4 as it should be, but ∆ϕ
11
AB =
pi
4 + 
11
where −1◦ ≤ 11 ≤ 1◦. This error is taken into account
into the separability bound.
Thirdly, errors also affect the local photon-number
probability distributions, which are estimated using the
phase-averaged homodyne measurements [8]. Evaluating
these errors is a not trivial task. We use the following
method for estimating the overall error. The tomog-
raphy that we use to access the local photon number
distributions leaves us with the diagonal elements of an
estimated density matrix ρestimate. Using this matrix,
we simulate the quadrature data, then reconstruct
the diagonal elements of a simulated density matrix
ρsimul. The approach is repeated 200 times, always
from the same initial state ρestimate. This generates a
random set of 200 data points for each local probability
p(nA = 0), p(nB = 0), p(nA = 1), p(nB = 1) . . . and the
corresponding standard deviation provides the desired
error δp(nA = 0), δp(nB = 0), δp(nA = 1), δp(nB = 1) . . .
We now show how the errors on the measurement an-
gles `
¯`
and on the local photon-number probability dis-
tributions δp(nA = i), δp(nB = j) have been taken into
account in the calculation of the separable bound Smaxsep .
Since, in practice, it is necessary to measure two corre-
lators only, the separable bound can be calculated under
the assumption that the measurements that have been
performed are such that
∆ϕ11AB = −
pi
4
+ 11,∆ϕ22AB =
3pi
4
+ 11,
∆ϕ12AB = ∆ϕ
21
AB =
pi
4
+ 12,
i.e. that the errors are the same for ∆ϕ11AB and ∆ϕ
22
AB
and for ∆ϕ12AB and ∆ϕ
21
AB . These erroneous measurement
angles yield to an upper bound Smax (which replaces the
one in Eq. (8)) given by
S ≤ Smax(p(nA ≥ 2 ∪ nB ≥ 2), 11, 12)
=
4
pi
(
<
[
〈10|ρ|01〉
]
× C −=
[
〈10|ρ|01〉
]
×D
)
+
4√
2pi
<
[
〈20|ρ|11〉+ 〈11|ρ|02〉
]
× C
− 4√
2pi
=
[
〈20|ρ|11〉+ 〈11|ρ|02〉
]
×D
+2
√
2× p(nA ≥ 2 ∪ nB ≥ 2) (13)
5angle p _0 error p _1 error p >1 error p _0 error p _1 error p >1 error p * error S obs error S sep
max
0 99.8 0.1 0.2 0.1 0.01 0.01 30.6 0.2 65.4 0.3 3.94 0.19 3.9 0.262 0.104 0.001 0.235
5 98.9 0.2 1.1 0.2 0.06 0.04 30.6 0.2 65.5 0.3 3.84 0.20 3.9 0.258 0.353 0.003 0.355
10 92.9 0.2 7.0 0.2 0.10 0.06 36.9 0.2 60.4 0.3 2.70 0.18 2.8 0.274 0.776 0.004 0.643
15 83.6 0.2 16.1 0.2 0.32 0.10 45.6 0.2 52.1 0.3 2.28 0.17 2.6 0.294 1.085 0.004 0.893
20 72.3 0.2 27.2 0.3 0.54 0.13 55.5 0.2 43.2 0.3 1.26 0.17 1.8 0.314 1.289 0.004 1.017
22.5 65.0 0.2 34.0 0.3 0.95 0.16 63.1 0.2 35.8 0.3 1.06 0.16 2.0 0.338 1.326 0.004 1.060
25 59.4 0.2 39.3 0.3 1.33 0.17 67.3 0.2 31.8 0.3 0.90 0.13 2.2 0.312 1.330 0.004 1.072
30 48.3 0.2 49.6 0.3 2.17 0.17 78.2 0.2 21.3 0.2 0.47 0.10 2.6 0.292 1.235 0.004 0.989
35 38.8 0.2 58.4 0.3 2.77 0.18 89.5 0.2 10.5 0.2 0.05 0.06 2.8 0.283 0.951 0.004 0.755
40 32.2 0.2 64.2 0.3 3.66 0.20 96.9 0.2 3.1 0.2 0.05 0.04 3.7 0.265 0.527 0.003 0.493
45 30.1 0.2 66.3 0.3 3.59 0.19 99.7 0.1 0.2 0.1 0.02 0.01 3.6 0.224 0.112 0.001 0.233
Alice Bob
FIG. 2: Results of local measurements versus the angle of the half-wave plate relative to the axis of the PBS. The table on the
left gives the photon number distribution in Alice’s location. (p 0, p 1, p > 1 denote the probability that zero p(nA = 0), one
p(nA = 1) and more than one photon p(nA ≥ 2) occupy Alice’s mode. The second table gives Bob’s results. The two last tables
give an upper bound on the probability that at least one of the two protagonists gets more than one photon p(nA ≥ 2∪nB ≥ 2)
and the observed CHSH value Sobs.)
where = denotes the imaginary part and
C = 2
(
cos(11 − pi
4
) + cos(12 +
pi
4
)
)
,
D = 2
(
sin(11 − pi
4
) + sin(12 +
pi
4
)
)
.
Smax can now be optimized over the set of separable
states, as before. If one takes into account the local
photon number probability distribution and the errors as
well, one ends up with the following optimization prob-
lem
max : Smax(p?, 11, 12) (14)
s.t. : ρ ≥ 0
tr(ρ) ≤ 1∏
0/1
ρ
∏
0/1
Tb ≥ 0
−1◦ ≤ 11, 12 ≤ +1◦
p00 + p10 + p01 + p11 ≥ 1− p? − δp?
p00 + p01 + p02 ≤ p(nA = 0) + δp(nA = 0)
p10 + p11 + p12 ≤ p(nA = 1) + δp(nA = 1)
p20 + p21 + p22 ≤ p(nA > 1) + δp(nA > 1)
p00 + p10 + p20 ≤ p(nB = 0) + δp(nB = 0)
p01 + p11 + p21 ≤ p(nB = 1) + δp(nB = 1)
p02 + p12 + p22 ≤ p(nB > 1) + δp(nB > 1)
In addition to errors, we emphasize that the previous
optimization uses the knowledge of each local photon
number probability p(nA = 0), p(nA = 1) . . . This
provides a tighter separable bound as compared to the
optimization summarized in Eq. (10).
Note that the optimization (14) is non-linear in 11 and
12. Hence, the result cannot be obtained with standard
semidefinite solvers. However, one can convince oneself
that the maximum value of Smaxsep (p
?, 11, 12) is obtained
for the extremal choice 11 = 1◦, 12 = −1◦. This
can be understood intuitively since this choice brings
the settings closer to each other and thus, helps in
increasing the CHSH value. Note that the linearity of
the optimization is recovered once the values of {11, 12}
are fixed. The results of the optimization for 11 = 1◦
and 12 = −1◦ are shown in Fig. 4 (main text).
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Abstract
Single-photon entanglement is one of the primary resources for quantum net-
works, including quantum repeater architectures. Such entanglement can be
revealed with only local homodyne measurements through the entanglement
witness presented in Morin et al (2013 Phys. Rev. Lett. 110 130401). Here, we
provide an extended analysis of this witness by introducing analytical bounds
and by reporting measurements conﬁrming its great robustness with regard to
losses. This study highlights the potential of optical hybrid methods, where
discrete entanglement is characterized through continuous-variable
measurements.
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1. Introduction
Important developments have recently been made in the optical hybrid approach to quantum
information, which consists of mixing in a protocol both discrete and continuous degrees of
freedom. These developments include advancements in quantum state engineering, state
characterization, and long-distance communication architectures [1–6].
Based on this approach, a witness for single-photon entanglement [7–10], namely states of
the form 〉 〉 + 〉 〉|1 |0 |0 |1A B A B where A and B are two spatial modes sharing a delocalized
single-photon, has recently been proposed and experimentally tested [11]. It relies only on
homodyne detections (i.e., on continuous quadrature measurements and not on photon
counting) and offers signiﬁcant advantages relative to other witnessing methods [12–15].
Indeed, unlike most steering experiments [16], it does not require postselection and does not
assume knowledge of the underlying Hilbert space dimension. Also, in contrast with other
entanglement witnesses [17], it speciﬁcally identiﬁes the entanglement present in the single-
photon subspace. Finally, the measurements are only operated locally on the entangled modes,
an important feature if applied to large-scale networks [18, 19].
The witness presented in [11] was built up on numerical arguments. In the present work,
we extend its analysis by means of analytical calculations. The aim is to gain insight into the
properties of the witness with respect to various practical imperfections. In particular, we
theoretically and experimentally investigate its robustness with regard to channel loss or,
equivalently, to imperfect single-photon states used as the initial resource for entanglement
generation. We demonstrate that even for a large admixture of vacuum, our witness reveals the
presence of entanglement, conﬁrming its suitability for use in realistic networks and
entanglement distribution protocols where losses are inherent.
The paper is organized as follows. Section 2 gives an overview of the single-photon
entanglement witness based on local homodyne measurements. Then, in the case where the
state only contains vacuum and single-photon components (i.e., the state lies within a qubit
subspace) the witness parameter is evaluated and compared to the separable bound. Symmetric
and asymmetric channels are considered. In section 3, multiphoton components, which are
critical in experimental realizations, are taken into account. We show, in particular, how the
witness is extended to this realistic case by experimentally bounding the Hilbert space, and we
then derive the effect of losses in the communication channels. This study leads to several
expressions for the separable bound. The setup and experimental results are presented in
section 4, and we give our conclusions in section 5.
2. Principle of the witness
This section presents the principle of the single-photon entanglement witness, which relies only
on local homodyne measurements, as proposed and demonstrated in [11]. We then introduce
the speciﬁc focus of this paper: the behavior of this witness in the presence of loss, coming
equivalently from a single-photon generated with non-unity efﬁciency or subsequent losses in
the communication channels. In this section, the state is assumed to belong to the qubit
subspace, 〉 〉 ⊗{|0 , |1 } 2. This simplistic restriction allows us to understand the main features of
the witness before generalizing the discussion to include multiphoton components.
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2.1. A Bell test scenario with local homodyning
The general principle of the witness is shown in ﬁgure 1. The two distant entangled modes are
detected by Alice and Bob via homodyne detection, which allows one to measure any
quadrature component of the optical ﬁeld (i.e., ϕ ϕ+X Pcos ( ) sin ( )) by varying the relative
phase, ϕ, between the optical mode and the local oscillator [20]. Two phase settings are
required on each side: Alice performs a measurement among two quadratures, X P{ , }, while
Bob makes a measurement in a basis rotated by °45 to access the quadratures + −X P X P{ , }.
The measurement outcomes, which are real numbers, are then sign-binned to obtain binary
results±1. The scenario is thus similar to the usual Bell test, where two parties can perform two
possible measurements of two outcomes each. From the four possible combinations of
quadratures, the witness parameter, S, is ﬁnally determined from the Clauser–Horne–Shimony–
Holt (CHSH) polynomial [21],
= + + −+ − + −S E E E E , (1)X X P X X P P X P P X P, , , ,
where the correlations are deﬁned by = + − − − −E p p p(1, 1) ( 1, 1) (1, 1)a b,
− −p ( 1, 1), and p i j( , ) are the conditional probabilities to obtain the outcomes i and j if
the quadratures a and b are chosen.
Additionally, the phase of the local oscillators can be averaged while keeping the relative
phases between Alice and Bobʼs measurements ﬁxed. This averaging can only lead to an
underestimation of the entanglement, as it can be realized by local operations and classical
communications. The S parameter reduces thus to two terms—one where the relative phase
differs by π
4
, and the other by − π
4
:
Figure 1. Principle of the entanglement witness. Single-photon entanglement is
generated by impinging a single-photon state onto a 50/50 beam-splitter. Symmetric or
asymmetric losses are then induced by the communication channels, with transmission
efﬁciencies denoted by ηA and ηB. To witness the entanglement, the two distant parties,
Alice and Bob, randomly choose a measurement along two quadratures (for instance,
X P{ , } for Alice and + −X P X P{ , } for Bob). The phase of the local oscillators are
phase averaged; only the relative phase between the two detections is ﬁxed. Sign-
binning of the quadrature measurements enables them to calculate the witness parameter
S, which has to be compared to the separability bound, Ssep
max. This bound depends on the
multi-photon components and can be optimized by using the local probabilities, which
can be directly accessed from the same data as a result of the phase-averaging.
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= +π π+ −S E E2 2 . (2)4 4
As shown in [11], this phase-averaging is actually crucial in the protocol, as it enables us to
access the local photon-number probabilities with the same homodyne measurements. These
probabilities are then used to further constrain the set of density matrices that we consider in our
optimization of the separable bounds.
2.2. Extremal values of the witness for entangled states
Sign-binning of homodyne measurement in the qubit subspace, 〉 〉 ⊗{|0 , |1 } ,2 is equivalent with
a noisy spin measurement [22, 23]. For instance, the operator associated with a sign-binned X-
measurement corresponds to π σ2 ˆ ,x where σˆx is the standard Pauli matrix. A maximally
entangled state, 〉 〉 + 〉 〉(|1 |0 |0 |1 ) 2 , thus leads to π= ≃S 2 2 .2 1.8max , the maximal value
that one can obtain using the aforementioned measurements. Note that since this value is lower
than 2, a violation of the well-known local bound for the CHSH polynomial is not possible in
this context. While this would have been sufﬁcient to demonstrate entanglement, it is not
necessary if the separable bound is lower.
The next question that arises is the value of the separable bound. It can be shown that the
maximal value over the set of all the separable states is equal to π= ≃S 2 .2 0.9sep [24]. In
the qubit space, an observed S parameter above 0.9 allows one to conclude that the two modes
are entangled. Importantly, this separable bound can be optimized further if additional
knowledge about the state is available, as this knowledge constrains the set of compatible
separable states. In our case, the phase-averaged homodyne measurements provide the local
photon number distributions. These local photon-number distributions, p p,A A0 1 (vacuum and
single-photon component on the Alice side) and p p,B B0 1 (Bob side), allow us to optimize the
bound, as we will now show.
First, thanks to the averaging of the local phases, many off-diagonal terms of the measured
state do not contribute to the measurement results. Since our goal is to reveal entanglement, it is
therefore sufﬁcient to consider density matrices of the following form in the Fock basis [13]:
⎛
⎝
⎜⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟⎟
ρ =
d
d
p
p
p
p
ˆ
0 0 0
0 0
0 * 0
0 0 0
. (3)
00
01
10
11
Then, for any state within the qubit subspace, it can be shown that the S parameter can be
rewritten as [11]
R R
π
ρ
π
= =[ ] dS 16
2
01 ˆ 10
16
2
[ ]. (4)
When Alice and Bob measure the value of S, they can also extract the local probabilities,
p0
A and p0
B, from the quadrature measurements. Hence, only a reduced set of states are
compatible with these probabilities. It can be translated formally as:
• = +p p pA0 00 01 and = +p p pB0 00 10 (relationship between joint probabilities and local
probabilities)
• ρ =Tr [ ˆ] 1 (conservation of probabilities)
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• ρ ⩾ˆ 0 (physical state, all eigenvalues are positive, i.e., ⩾ dp p | |01 10 2)
• ⩽ ⩽p0 1ij (regular probabilities)
The maximization of d| | under all these constraints gives the upper bound, S ,max for the
witness parameter,
⎧
⎨⎪
⎩⎪π
=
+ ⩽
− − + ⩾( )( )
S
p p
p p
16
2
if p p 1,
1 1 if p p 1.
(5)
A B A B
A B A B
max 0 0 0 0
0 0 0 0
We now derive the separable bound, Ssep
max . Separable states remain positive under partial
transposition (PPT criterion) [25, 26]. This additional constraint leads to the condition
⩽d p p| |2 00 11 for separable states. Hence, the maximization of d| | provides the maximal value of
S but, this time, for the separable states only,
π
= − −( )( )S p p p p16
2
1 1 . (6)A B A Bsep
max
0 0 0 0
2.3. Witnessing single-photon entanglement after losses
We now study the use of the proposed witness in the case where the entangled state undergoes
loss (e.g., propagates through lossy communication channels). What are the acceptable losses in
this case? With the help of the analytical bounds derived previously, we detail how the
proposed witness is affected.
The situation is sketched in ﬁgure 1. We consider the entanglement to be initially
generated from an ideal single-photon state, and the channel transmissions are denoted by ηA
from the source to Alice, and ηB from the source to Bob. One can write the full transmission
between Alice and Bob as η η η=AB A B. After propagation, the resulting state shared by Alice
and Bob can be written as
⎛
⎝
⎜⎜⎜⎜
⎞
⎠
⎟⎟⎟⎟
ρ
η η
η η η
η η η
=
− −
ˆ
1
2
2 0 0 0
0 0
0 0
0 0 0 0
. (7)AB
A B
A A B
A B B
As given by equation (4), the CHSH polynomial value, S, can be written as
ρ
π
η η=( )S ˆ 16
2 2
. (8)AB
A B
Furthermore, the local probabilities are given by
η η= =p p2 and 2. (9)A A B B1 1
The maximal value of equation (5) is saturated by the state given in equation (7), and the
corresponding separable bound is
π
η η η η= − −( )( )S 8
2
1 2 1 2 . (10)A B A Bsep
max
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With this simple model in hand, one can distinguish two different experimental scenarios.
First, when the source is placed on Aliceʼs site, the losses are thus asymmetric, and η = 1A and
η η=B AB. For this conﬁguration, the separable bound is
π
η η= −( )S asym( . ) 4 1 2 . (11)AB ABsepmax
The second scenario places the source at an equal distance from Alice and Bob, so that the state
will propagate along the same distance on both arms. The two modes are thus affected by the
same losses, η η η= =A B AB , leading to the following separable bound:
π
η η= −( )S sym( . ) 8
2
1 2 . (12)AB ABsep
max
In order to compare both cases, we ﬁx the full transmission, η η η=AB A B. In other words, the
position of the source changes, but the total distance between Alice and Bob does not.
Furthermore, we note that the symmetric situation can equivalently correspond to losses on the
source itself. Indeed, it is formally equivalent to attribute these losses to the two transmission
channels.
Figure 2 provides the CHSH polynomial as a function of the transmission, together with
the two separable bounds. As shown before, the parameter S depends only on the total loss,
while the separable bound additionally depends on whether the losses are symmetric or
asymmetric. As we can see, the distance between the witness and the bound decreases with the
losses but reaches zero only for inﬁnite ones, meaning that in principle the witness can detect
entanglement for any losses. Furthermore, we note that the distance of S from the separable
bound is always larger for the asymmetric case than for the symmetric case. The witness is thus
slightly more efﬁcient in the latter case.
Figure 2. (a) Values of the CHSH parameter, S, and of the separable bounds, S ,sep
max
when applied to single-photon entanglement propagated through lossy communication
channels. Two cases are considered: when the total losses are only on one transmission
channel (asymmetric case, η = 1A and η η=B AB) and when the losses are symmetric on
the two channels (η η η= =A B AB ). (b) The ﬁgure corresponds to the same results, but
with a scale given in kilometers of propagation in a ﬁber at telecom wavelength (0.2 dB-
per-km loss).
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3. Including higher photon numbers: general case
In the previous section, the separable bound was determined by considering that the state
contains at most one photon per mode. However, states produced in a setup generally include
multiphoton components that must be critically taken into account. We present here separable
bounds, which can be used in this case. Namely, we provide three such expressions. Each one
has different strengths, which we summarize in the last part of this section. We ﬁrst present the
approach we use to bound the possible effect of multiphoton components on the witness, S.
3.1. Bounding the Hilbert space
When the number of photons per mode is not restricted to one, we use the local photon number
distributions obtained via phase-averaged quantum state tomography to determine an upper
bound on the joint probability, ∪= ⩾ ⩾p p n n( 2 2),A Bjoint so that at least one of the modes is
populated with more than one photon. Indeed, this probability can be bounded by the local
probabilities of the zero and one-photon components on each side as
⩽ ⋆p p , (13)joint
where = +⋆ ⩾ ⩾p p pA B2 2 and = − −⩾p p p1A B A B A B2( ) 0 ( ) 1 ( ) , denoting the probability that one
party observes at least two photons.
In the following, we present some separable bounds in terms of p .joint These can be re-
expressed in terms of local photon distributions by substituting ⋆p for pjoint, thus slightly
overestimating the bound.
3.2. A first separable bound as a function of the local probabilities
Following a similar argument as presented in section 2.2, we provide here a separable bound for
S that is valid outside of the qubit space.
In this larger Hilbert space, S can be bounded as follows (see [11]):
π π π
⩽ + + +S d e f p16
2
8 8
2 2 , (14)joint
where R ρ= 〈 〉[ ]d 01| ˆ |10 , R ρ= 〈 〉[ ]e 20| ˆ |11 , and R ρ= 〈 〉[ ]f 02| ˆ |11 denote different
contributions to the witness. Due to the positivity of ρˆ and ρˆT (0,1)B , each of these contributions
can be bounded as a function of a single density matrix variable p00:
⩽ ⩽ − −( )( )d p p p p p p (15)A B2 01 10 0 00 0 00
⎡⎣ ⎤⎦⩽ ⩽ + − − + +⩾ ⩾d p p p p p p p p1 (16)A B A B2 00 11 00 00 0 0 2 2
⎡⎣ ⎤⎦⩽ ⩽ + − − + +⩾ ⩾ ⩾e p p p p p p p p1 (17)B A B A B2 02 11 2 00 0 0 2 2
⎡⎣ ⎤⎦⩽ ⩽ + − − + +⩾ ⩾ ⩾f p p p p p p p p1 . (18)A A B A B2 20 11 2 00 0 0 2 2
The maximum value of Ssep can thus be obtained by optimizing equation (14) over the p00
variable. Recall that here, we do not impose the state ρˆ to be fully PPT, but only PPT within the
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0/1 subspace. This allows us to verify the presence of entanglement in the single-photon
subspace [11].
For small ⩾p
A B
2
( ) , the choice =p p p zc A B00 0 0 is optimal, where = + +⩾ ⩾z p p1 A B2 2. This
gives the following separable bound:
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟
⎛
⎝
⎜⎜
⎞
⎠
⎟⎟π
π
= − −
+ + + − −
+
⩾ ⩾( )
S p p
p
z
p
z
p p z
p p
z
p p
p
16
2
1 1
8
2 2 . (19)
A B
B A
A B
A B
A B
sep
max
0 0
0 0
2 2
0 0
0 0
joint
One can verify that this expression reduces to the qubit bound given by equation (6) in the
case =⩾p 0A B2( ) . Equation (19) provides an analytical estimation of the value of the witness
needed to demonstrate single-photon entanglement as a function of the local observed
probabilities. We emphasize that this bound is also valid in the presence of multiphoton
components.
3.3. Separable bound as a function of pjoint
Here we derive a separable bound which only depends on the pjoint variable. Writing matrices M
and N such that
R R R⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦ρ
π
ρ
π
ρ ρ
ρ ρ ρ ρ ρ
= + +
= + + +
( )( )
( )
M
N
Tr ˆ
16
2
01 ˆ 10
8
20 ˆ 11 02 ˆ 11
Tr ˆ 00 ˆ 00 01 ˆ 01 10 ˆ 10 11 ˆ 11 , (20)
the maximum separable value of equation (14) given pjoint can be found by maximizing
ρ +M ptr ( ˆ) 2 2 joint under the constraints ρ ⩾ˆ 0, ρ ⩽tr ( ˆ) 1, ρ ⩾ˆ 0,T (0,1)B and ρNtr ( ˆ)= − p1 .joint
Any matrices A and B, and variables λ and μ that satisfy μ λ+ − − = −A B N I MT (0,1)B ,
⩾A 0, ⩾B 0 can provide an upper bound on the result of this optimization. Indeed, these
constraints guarantee that
⎡⎣ ⎤⎦ρ λ μ ρ
λ ρ μ ρ ρ ρ
λ μ
= + − −
= + − −
⩽ + −( )
( )
( )
( )
( ) ( ) ( )
M I N A B
N A B
p
tr ˆ tr ˆ
tr ˆ tr ˆ tr ˆ tr ˆ
1 . (21)
T
T
(0,1)
(0,1)
joint
B
B
In the appendix, we describe matrices A and B that satisfy these constraints for ⩽p 1 2joint ,
λ = π +xp
2 2
joint
, μ λ= − −π +( )x p2 (1 ),2 2 joint and = − ±±x p p1 joint joint . This gives
the following maximum for the separable bound:
⎡
⎣⎢
⎤
⎦⎥π= − + +( )S p p p2 2
1
1 . (22)sep
max
joint joint
2
joint
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One can check that this bound is achievable for all ⩽p 1 2joint by some quantum states ρˆ ,
which are PPT in the single-photon subspace. This guarantees that the bound is tight as a
function of pjoint. However, this bound does not take into account the local probabilities.
3.4. A refined semidefinite bound taking advantage of local probabilities
In [11], a semideﬁnite program (SDP) is presented to compute separable bounds on S as a
function of the local photon number probabilities. Here, we provide a reﬁned version of this
program, including two improvements.
The ﬁrst improvement is to express pjoint in (14) as a function of the density matrix
elements, rather than bounding it according to equation (13). This allows us to perform the
optimization of S across all terms together.
The second step is to take into account all information about the local probability
distributions. This can be achieved by using the Frechet inequalities [36]. In the form of the
disjunction6, these inequalities can be expressed as
∩+ − ⩽ ⩽p A p B P A B p A p Bmax(0, ( ) ( ) 1) ( ) min( ( ), ( )). (23)
Here, A(B) refers to any set that includes at least one photon number on Aliceʼs (Bobʼs) side.
For instance, in the case that probabilities up to one photon component are observed, the
possible choices for A and B consist of any nonempty combination from
{0 photon, 1 photon, more than 1 photon}. This gives us a set of −(2 1)3 by −(2 1)3
separate Frechet inequalities.
Adding the usual conditions to the two we just mentioned leads to the following
formulation for the reﬁned bound:
∩
∩
ρ
ρ
ρ
⩾
⩽
⩾
⩾ + − ∀
⩽ ∀
( )
( )
S p p p p
P A B p A p B A B
P A B p A p B A B
max , , ,
s.t. ˆ 0
tr ˆ 1
ˆ 0
( ) max[ 0, ( ) ( ) 1 ], ,
( ) min[ ( ), ( ) ], , . (24)
A A B B
T
0 1 0 1
(0,1)b
The program described in [9] can be seen as a relaxation of this program.
As presented here, it should be clear that the program 24 can be extended to take into
account additional local photon numbers. In this case, the expression (14) needs to be modiﬁed
to ﬁt the newly considered Hilbert space. Similarly, the deﬁnition of pjoint can be adapted.
However, the program remains the same. This presents the possibility of enhancing the bounds
by taking into account additional information. We come back to this possibility in the
experimental part of this paper.
Finally, we note that uncertainties in the local probabilities can be taken into account in
this method by following the same procedure presented in [11].
6 The conjunction and disjunction form of the Frechet inequalities can be found to be equivalent, so we use only
one form.
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3.5. Comparison of the separable bounds
Until now, we have presented four separable bounds for the witness. Let us brieﬂy highlight
their differences and mention the context in which it would be appropriate to use each of them.
The ﬁrst bound, given in equation (6), is valid only for qubit states, and is thus not
applicable in practice. However, it takes advantage of the observed local photon number
distributions. This is the bound we used in section 2.3 to ﬁrst illustrate the effect of losses on the
witness.
The second bound, given in equation (19), also takes advantage of the knowledge of the
photon number distributions and applies outside of the qubit space. However, one can check
that this bound is not always tight. This stems from the fact that only some of the Frechet
inequalities were taken into account in its derivation. Moreover, this bound can be very
sensitive to uncertainties in the local probabilities, making it hardly applicable in practice.
Nevertheless, it can be useful to quickly estimate the value of the bound that can be derived
from equation (24).
The third bound, given in equation (22), is tight as a function of pjoint alone. It behaves
well in presence of uncertainties, but does not take advantage of the knowledge of the local
photon number probabilities.
The fourth bound, given in equation (24), is expressed as a semideﬁnite program. It does
not assume a qubit structure and computes the tightest separable bound compared to all other
methods by taking all physical constraints into account. Moreover, since it includes an exact
modelization of the underlying quantum state, it behaves well in the presence of uncertainties
on the local probabilities. Therefore, this is the kind of bound that we use in the next section to
analyze the experimental data.
4. Experimental implementation of the witness
In this section, we present the experimental setup, including the single-photon source used for
the entanglement generation and the practical details for implementing the witness. The
experimental behavior of the witness with losses is also given.
4.1. Single-photon source and entanglement
The single-photon source is based on a type-II optical parametric oscillator (OPO) pumped far
below threshold by a continuous-wave frequency-doubled Nd:YAG laser at 532 nm [27]. The
frequency-degenerate signal and idler modes are orthogonally polarized and can be easily
separated. The detection of a single photon on one mode then heralds the preparation of a single
photon on the other mode [28–30]. Importantly, the photon is generated in a very well-deﬁned
spatiotemporal mode due to the OPO cavity. Experimental details, including the ﬁlterings
required in the conditioning path and the deﬁnition of the temporal mode, have been presented
elsewhere [31–34]. In the current experiment, the heralding efﬁciency (i.e., the single-photon
component at the output of the OPO) is equal to 90 %, and the two-photon component is limited
to a few percents. If one includes the total propagation and detection losses, the single-photon
component reaches 68±2%. The initial effective transmission, η ,AB is thus ∼0.68.
Entanglement is obtained by impinging the heralded single-photon state on a balanced
polarizing beam splitter. To check the entanglement, the two modes are then directed to two
10
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homodyne detections, as shown in ﬁgure 1. By using the previous notations, without
introducing additional communication channel losses, = = ±p p 0.34 0.01A B1 1 , in comparison
to = =p p 0.5A B1 1 for entanglement generated from an ideal single-photon source. In the
following, we include additional losses to decrease the transmission in both symmetric and
asymmetric ways.
4.2. Witnessing entanglement: practical realization
To perform the homodyne detections, a bright beam impinges on the balanced polarizing beam
splitter mentioned above in order to distribute the two required local oscillators. Thus, the
classical and quantum channels have orthogonal polarizations but the same spatial modes up to
the detections. This conﬁguration allows one to easily adjust the relative phase between the two
detections by choosing an appropriate elliptical polarization for the bright beam before the
splitting [9, 34]. By also sweeping its phase, both homodyne detections have a ﬁxed relative
phase but are locally phase-averaged, as required.
We now detail the full experimental procedure for implementing the proposed witness.
The steps are as follows:
• Acquiring homodyne data. Phase-averaged homodyne tomography is performed on both
modes. Four relative phase settings are required, but phase-averaging enables us to reduce
them to two (i.e., π± 4). The recorded data are then used for the next steps.
• Extracting the local probabilities. The local photon-number distributions are extracted
from the previous data. Importantly, no additional measurements are required. The
estimation is obtained via pattern functions that relax any assumptions on the size of the
Fock space [35].
• Determining the separable bound. The local probabilities are used to constrain the set of
separable states and calculate the separable bound following the program given in
equation (24).
• Calculating the S parameter. The homodyne data are sign-binned and the S parameter is
then determined from equation (1). If S is above the separable bound, the bipartite state is
entangled.
4.3. Tunable losses
We now turn to the study of the effect of losses on the proposed witness. Losses have been
simulated here by changing the temporal modes. Indeed, the experiment is based on continuous-
wave homodyne detection (i.e., the quadrature measurement is a continuous signal, x(t)). In
order to measure the mode in which our state lies, a temporal ﬁltering is required, leading to
∫ψ=ψx t x t dt( ) ( ) . The optimal temporal mode, ψ t( ), contains the generated state, and all the
other orthogonal modes contain a vacuum state [32]. We can thus generate controlled and
tunable losses by mismatching the temporal mode and the optimal mode we chose. The overlap,
∫ψ τ ψ+t t dt( ) ( ) , provides the additional losses, η τ( ), on each channel. As completed with the
same raw data, the original state is always the same. Only the losses are tuned by this procedure.
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4.4. Results
Experimental results are displayed in ﬁgure 3. The measured CHSH parameter is given for
different values of losses, together with the corresponding separable bounds. In the asymmetric
case, the losses have been increased on one of the homodyne detections, while for the
symmetric case, the losses are generated equally on both of them. However, as we did in the
model, we can compare both situations in a relevant fashion only if we consider the full losses;
we estimate the local losses with the help of the experimental vacuum components,
η= −p 1A A0 and η= −p 1B B0 , and then obtain the corresponding overall transmission,
η η η=AB A B.
The obtained results are in very good agreement with the expected behavior (i.e.,
η∝S AB ), and show that the bound of the single-photon entanglement witness can be violated
unless very signiﬁcant losses have ocurred. The ﬁgure provides two separable bounds
determined by using the program outlined in section 3.4. The ﬁrst bound takes as constraint the
local probabilities up to one photon, as considered in [11], while the second bound considers the
two-photon component. Clearly, more losses can be tolerated thanks to this enhanced separable
bound. In the asymmetric case, the limit is pushed experimentally from 90% to 95%
(corresponding to around 65 km of ﬁber at telecom wavelength if one starts with an ideal single-
photon), while in the symmetric case a rise from 95% to 97% (77 km of ﬁber) is obtained. This
small difference between the symmetric and asymmetric cases can be explained by the higher
photon number component and the sensitivity of the bound to this parameter. Indeed, in the
asymmetric case, the mode that does not experience loss keeps a larger two-photon component,
which allows for a separable state with a higher S parameter.
Figure 3. Experimental results. In the asymmetric case (a), additional losses are applied
on one channel, whereas in the symmetric case (b), losses are applied equally on both
channels. The results are given as a function of the overall transmission, η η η=AB A B.
The ﬁgures provide the measured CHSH values, Sobs (the size of the points accounts for
statistical errors), together with two separable bounds determined using the program
outlined in section 3.4. S orig( .)sep
max takes into account the multi-photon components up
to one photon, as presented in [11]. S enh( .)sep
max corresponds to an enhanced separable
bound, which takes into account the two-photon components as additional constraints in
the optimization.
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5. Conclusion
In summary, we have presented a detailed analysis of the scheme to witness single-photon
entanglement based only on the local homodyne measurements proposed in [11]. The effects of
losses have been considered, and our investigation has shown the robustness of this hybrid
witness. Even with communication channel losses of around 95%, entanglement can still be
experimentally witnessed, both in the symmetric and asymmetric cases. The separable bound
has been optimized by including local photon number distributions up to two photons. Indeed,
the main contribution outside the qubit subspace comes from this component. These results
conﬁrm the efﬁciency of the witness and its relevance as an operational test for large-scale
networks relying on single-photon entanglement.
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Appendix
Here are the matrices we use to derive the analytical bound in section 3.3. The matrices are
expressed in the natural basis for photon numbers (i.e., 〉 〉 〉 〉 〉{|00 , |01 , |02 , |10 , |11 ,
〉 〉 〉 〉|12 , |20 , |21 , |22 }).
⎡
⎣
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎤
⎦
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
λ μ
λ
π
λ μ
π π
λ
π
λ
λ
λ
=
+
−
+
− −
−
A
m
m
ℓ
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0
4
0 0 0 0
0 0 0 0 0 0 0
0 0
4
0 0
4
0 0
0 0 0 0 0 0 0 0
0 0 0 0
4
0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
,
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⎡⎣
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢
⎤
⎦
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥
λ μ= + −
−
−
+ − + −
+ −B ℓ
x x x x
x x( )
0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
,
2 2
where
π
λ μ
π
= = + − −
+
+
−
ℓ
p
x
m
x
x
ℓ
8 2
, and ( )
4 2
.
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CONCLUSION
In this thesis we have presented efforts in three chapters towards different aspects
of quantum repeater systems. We have discussed how it is possible to ensure con-
ditions for implementing quantum repeaters with atomic ensembles, explore the
option of optomechanical systems for implementing quantum repeaters and verify
the success of completed quantum repeater protocols. In addition to our work,
we also want to point out experimental achievements along similar directions, in
addition to those already cited. For example, efforts have been made to increase
the retrieval efficiency in atomic ensembles [50], going as high as 87% for gradient
echo memory schemes [51, 52]. Other possibilities for the repeater nodes have
been explored as well. Heralded entanglement has been experimentally shown in
devices such as NV-centres in diamond [53, 54], neutral atoms [55], quantum dots
[56] and recently mechanical resonators [57], demonstrating their potential for use
in quantum repeaters.
There is still much that we can do to further the directions in which we have
worked. For one, platforms explored as alternatives for atomic ensembles need
high retrieval efficiencies to achieve entanglement connection and for the overall
repeater system to be effective. To date, retrieval efficiencies from mechanical
resonators stands only at about 30% [58, 59], and keeps them from being part of
quantum repeater systems, due to critical efficiency requirements on the retrieval
process. Finding fundamental limits for the retrieval efficiency would inform us
if there are efficiency gains to be had, and would also further clarify the place of
optomechanical devices in quantum repeaters.
To further our efforts in verification, we might also start to consider more
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general 2-D architectures, as such architectures lend themselves more readily to
real-world geographical scenarios. A natural extension of our verification of single
photon entanglement is to focus on the verification of W -states, which are single
photons delocalised over many paths. With an array of beamsplitters arranged so
that the which-path information is erased, detector clicks can herald the sharing
of a W-state between all the parties. Once this cluster has established entangle-
ment, entanglement swapping operations could connect neighbouring clusters to
complete the 2-D repeater system. Aside from W states, GHZ states have also
been put forward as resources for 2-D quantum repeater systems within each link
[60]. Entanglement witnesses for the GHZ state have been put forward and can
even be resistant to large amounts of white noise [61, 62]. As we proceed towards
real-world implementations of quantum repeaters with 2-D architectures, finding
loss-resistant entanglement witnesses for the distributed states will be useful for
verification, and could be a possible avenue for subsequent investigation.
Aside from the goals pursued in this thesis, other kinds of improvements have
also been sought, especially with regards to the entanglement creation process in
each link. The DLCZ protocol calls for a low write photon emission probability so
that the heralding indicates the creation of a single delocalised excitation. Raising
the write pulse laser power might increase the number of write photons, and thus
increase the heralding rate, but this gives rise to multiple excitations, and erodes
the quality of the distributed state. Multiplexing allows for multiple attempts
at entanglement creation, while still keeping the probability of each write photon
emission low. This can allow direct advantages with regards to the repeater rate
[63]. or architectures to avoid memory lifetime constraints [64]. There are multiple
forms of multiplexing that have already been considered. For example, atomic en-
sembles have demonstrated some capacity for spatial multiplexing, demonstrated
in [65] with further possible improvements expected [66]. Efforts towards temporal
multiplexing in atomic ensembles have been most promising as well [67, 68]. It
would be valuable to explore schemes that combine different kinds of multiplexing
in neighbouring links, motivated simply from an implementation of a hybrid quan-
tum repeater system, or from advantages in more intricate multiplexing strategies.
We have come a long way from early communications systems. From the use
of signal fires and semaphore devices, we have reached a point where the everyday
user can possess mobile devices that can deal with bandwidth-heavy communica-
tions. Since quantum physics has given us a path towards secure communications
98
Conclusion
without assumptions on adversarial computational power, many people in this vi-
brant community from industry and academia alike have worked tirelessly toward
this goal. The basic workings of a hybrid quantum network have already appeared
in recent works, with photons from quantum dots stored in trapped ions [69] and
an atomic ensemble memory shown to be suitable for storing light from quantum
dots [70]. We also note the work in Ref [36], with a heralded spin excitation in an
atomic ensemble retrieved, and then transferred into a rare-earth doped ion crystal
with a second subsequent retrieval. Finally, let us remember that satellites have
already been employed for secure communications, distributing secret keys across
continents [29, 30]. It is this steady progress that suggests that quantum-enabled
secure communications will be an accessible reality, and we are hopeful that our
work contributes towards quantum repeater systems of the future.
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